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Abstract 

The Lie algebras u„ (n > 2) of triangular polynomial derivations, their injective limit Uoo 
and the completion Uoo are studied in detail. The ideals of u n are classified, all of them are 
characteristic ideals. Using the classification of ideals, an explicit criterion is given for the 
Lie factor algebras of u n and u m to be isomorphic. For (Lie) algebras (and their modules) 
two new dimensions are introduced: the central dimension c.dim and the umsemal dimension 
u.dim. It is shown that c.dim(u„) = u.dim(u n ) = lj"" 1 + uj n ~ 2 + ■ ■ ■ + oj + 1 for all n > 2 
where to is the first infinite ordinal. Similar results are proved for the Lie algebras Uoo and 
Uoo. In particular, u.dim(uoo) = u u and c.dim(uoo) = 0. 
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1 Introduction 



Throughout, module means a left module; N := {0, 1, . . .} is the set of natural numbers; K is a 
field of characteristic zero and K* is its group of units; P n := K[x\, . . . ,x n ] — © QgN n Kx a is 
a polynomial algebra over K where x a := x^ 1 ■ ■ ■ x" n ; d\ := g^-, . . . , d n :— are the partial 
derivatives (i\-linear derivations) of P n ; Der^ (P„) = ©" =1 P n di is the Lie algebra of i^-derivations 
of P n ; A n := K {x\, . . . , x n , d\, . . . , d n ) = ^ eN n Kx a d^ is the n'th Weyl algebra; for each 
natural number n > 2, 

U n := Kdi + Pid 2 H h Pn-id n 

is the Lie algebra of triangular polynomial derivations (it is a Lie subalgebra of the Lie algebra 
Der#(P„)), U n := U(u n ) is its universal enveloping algebra. 

• (Proposition 12. ip The Lie algebras u n where n > 2 are pairwise non- isomorphic. The Lie 
algebra u„ is a solvable but not nilpotent Lie algebra. The centre Z(u n ) of the Lie algebra 
u„ is Kd n . All the inner derivations of the Lie algebra u n are locally nilpotent derivations. 
The derived and upper central series are found for the Lie algebra u n . 
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A new dimension for algebras and modules is introduced - the uniserial dimension (Section U) 
- that turned out to be a very useful tool in studying non-Noetherian Lie algebras, their ideals 
and automorphisms, [3J|31[S]. 

• (Theorem I3.3p The Lie algebra u„ is a uniserial, Artinian but not Noetherian Lie algebra 
and its uniserial dimension is equal to u.dim(u„) = uj n ~ 1 + w™~ 2 + • • • + uj + 1 where u) is 
the first infinite ordinal. A classification of all the ideals of u„ is given and for each ideal an 
explicit basis is found. 

• (Proposition 13. 5j ) For every ideal of the Lie algebra u n , an explicit K-basis for its centralizer 
is found. The set of the centralizers of all the ideals of the Lie algebra u„ is a finite set that 
contains precisely 2n-l elements. 

A Lie algebra Q is called a locally nilpotent ( respectively, locally finite dimensional) Lie algebra 
if every finitely generated Lie subalgcbra of Q is a nilpotent (respectively, finite dimensional) Lie 
algebra. 

• (Theorem 14.21) The Lie algebras u„ are locally finite dimensional and locally nilpotent Lie 
algebras. 

• (Corollary I3.4[) The ideal u„.2 := P\&2 + • • • + P n -id n is the largest proper ideal of the Lie 
algebra u n and the centre Z(u n ) = Kd n of the Lie algebra u„ is the least nonzero one. The 
ideals L s := y^L Kx\d n (where s = 1, 2, . . .) are the only finite dimensional ideals of the 
Lie algebra u n , and dim^(/ s ) = s. 

• f Corollary 13. 7p All the ideals of the Lie algebra u„ are characteristic ideals (i.e., invariant 
under the group of automorphisms of the Lie algebra u n ). 

• (Theorem l3.6l) The central series {Z^(u n )}\ew stabilizers precisely on ord(J7„) := w n_1 + 
w n-2 _|_ . . . _|_ u _|_ j s £ e p ; i.e., the central dimension of the Lie algebra u„ is c.dim(u„) = 
ord(f2„). Moreover, for each A G [1, ord(r2„)] 7 Z^(u n ) — L\ where I\ is given explicitly by 

In Section [SI Theorem 15.11 and Corollary 15.21 give an answer to the question: 

Let I and J be ideals of the Lie algebras u n and u m respectively. When are the Lie factor 
algebras u n /L and u m /J isomorphic? 

The answer is given in explicit terms (via the uniform dimensions of the ideals / and J) using 
the classification of the ideals of the Lie algebras u„ (Theorem 13. 3|) . In particular, there are only 
countably many ideals / of the Lie algebra u„ such that u n /L ~ u„. Theorem 13.31 fl) shows that 
every ideal / of the Lie algebra u„ is uniquely determined by its uniform dimension 

A = u.dim(7) S [0,u n - 1 +u n - 2 + --- + u + l], 

i.e., I = I\, where uj is the first infinite ordinal number. 

• fCorollary |5.2l) Let n and m be natural numbers such that 2 < n < m, I and J be ideals of the 
Lie algebras u n and u m respectively. Then the Lie algebras U n /I and u m /J are isomorphic 
iff 

(I, J) e {(L^I^lX^iLU 11 - 2 +V, i l = LO m - 1 +LO m - 2 +---+0j n +jLU n - 2 +V 

where v £ [l,w™~ 2 ) U {0} and i,j E N} 

n-l 

U |J {(h,I») I A = uj' 1 - 1 + uo n - 2 + ---+uj s + iuj s - 2 + v,v = uj™- 1 + uj m - 2 +■■■ 

s=2 

+lj s + juj s - 2 + is where v 6 [1, u/~ 2 ) U {0} and i,j eN} 

U {(/ A , /„) | A = LJ 71 - 1 + LO n - 2 + ■ ■ ■ + UJ + £, H = LJ" 1 - 1 + U m - 2 + ---+LJ+E 

where e — 0, 1}. 
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In Section^ the Lie algebra Uoo := U„>2U„ = ® n >iPn-l®n is studied. Many of the properties 
of the Lie algebra Uqo are similar to those of u„ (n > 2) but there are several differences. For 
example, the Lie algebra Uoo is not solvable, not Artinian but almost Artinian, u.dim(uoo) = u> u . 
A classification of all the ideals of the Lie algebra is obtained (Theorem l6.2p . All the ideals of 
the Lie algebra are characteristic ideals (Corollary I6.4[) . Corollary 16.31 is an explicit criterion 
of when two Lie factor algebras of are isomorphic. 

In Section the topological Lie algebra Uoo , which is the completion of the Lie algebra , is 
studied. Its properties diverge further from those of the Lie algebras u n (n > 2) and Uoo. All the 
closed and all the open ideals of the topological Lie algebra Uoo are classified (Theorem 17. 21 (1)). 

• (Corollary EH) 

1. The topological Lie algebra Uoo is an open uniserial, closed uniserial, open almost Ar- 
tinian and closed almost Artinian Lie algebra which is neither open nor closed Artinian 
and is neither open nor closed Noetherian. 

2. The uniserial dimensions of the sets of open and of closed ideals of the topological Lie 
algebra Uoo coincide and are equal to u.dm^Uoo) = uj u . 

3. All the open/closed ideals of the Lie algebra Uoo are topologically characteristic ideals. 



2 The derived and upper central series for the Lie algebra 

Un 

In this section, various properties of the Lie algebras u„ are proved (Proposition 12.11 Corollary 
12. 3[) that are used widely in the rest of the paper. At the end of the section, the image and the 
kernel of the algebra homomorphism \n ■ U n — > A n _i ®K [d n ] (see (fTTj)) are found (Theorem [23]). 
In particular, it is shown that the algebra Xn(U n ) is not finitely generated and neither left nor 
right Noetherian. 

Let Q be a Lie algebra over the field K and a, b be its ideals. The commutant [a, b] of the ideals 
a and b is the linear span in Q of all the elements [a, b] where a G a and 6 Gb. The commutant 
[U, V] of subspaces U and V of Q is defined in the same manner. The commutant [a, b] is an ideal 
of the Lie algebra Q such that [a, b] C a fl b. In particular, £7(i) := Q"> := [Q,Q] is called the 
commutant of the Lie algebra Q. Let us define recursively the following set of ideals of the Lie 
algebra Q, 

0(i):=[0(i-i),0(i-i)] and Q® := [0,0^] i>2. 
Clearly, Qu\ C C/W f or a ll i > 1. The descending chains of ideals of the Lie algebra Q, 

G(o) -=Q 2 £7(i) 2 • • • 3 Q(i) 2 Q(i+i) 2 ■ ■ ■ , 

are called the derived series and the upper central series for the Lie algebra Q respectively. Notice 
that 

n 

i=l aGN*- 1 

So, the elements 

X aA :=x a d i = x c ? 1 ■■■x°'r i 1 d i , i = 1, . . . , n; a € N* -1 , (1) 

form the -fT-basis B n for the Lie algebra u„. The basis B n is called the canonical basis for u„. For 
all 1 < i < j < n, a £ N 4 " 1 and /? G W' 1 , 



[X a ,i,Xpj] - I , (2) 
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where e\ := (1, 0, . . . , 0), . . . , e„ := (0, . . . , 0, 1) is the canonical free Z-basis for the Z-module Z" 
and N l := ^Li ^ Z ' : = Efe=i In particular, N C N 2 C • • • C N" and Z C Z 2 C • • • C 
Z". The Lie algebra u„ = ffiJLi-Pi-i^i is the direct sum of abelian (infinite dimensional when 
i > 1) Lie subalgebras Pi-idi (i.e., [Pj_i<?j, Pj_i9j] = 0) such that, for all i < j, 

[P i ^d i ,P j - 1 d j ]=P j ^d j . (3) 

The inclusion "C" in ((3]) is obvious but the equality follows from the fact that [di,Pj-i] = Pj-x- 
By d3|) , the Lie algebra u„ admits the finite, strictly descending chain of ideals 

U„,i := U« D U n ,2 D ■■■ D Un,i D • •• D Un,„ D U„,„ + i := (4) 

where u n ,i ■= Y^j=i for i = 1, . . . , n. By ([3]), for all i < j, 

r -i _ J u„,i+i if i = j, , . 

K,i,"njJ C ^ . (5) 

\U n ,j ltKJ. 

For all i = 1, . . . , n, there is the canonical isomorphism of Lie algebras 

u i — u„/u„^+i, X a j i y X a j + Un^+i. (6) 
In particular, u„_i ~ u n / P n -id n - Clearly, 

u 2 C u 3 C • • • C u„ C Un+l C • • • C Uoo := (J u„ = (J) (J) Kx a di 

n>2 i>l qSN^- 1 

is an ascending chain of Lie algebras. The polynomial algebra P n is an A„-module: for all elements 
V 6 in, 

« dp . 

xi*p = Xip, di*p= — , i = 1, . . . , n. 

OXi 

Clearly, P n ~ An/X)"=i 1^1 + £)™ =1 A n di. Since u„ C A„, the polynomial algebra P n is 

also a u„- module. 

Let V be a vector space over K . A if- linear map 5 : V ^ V is called a locally nilpotent map 
if V = Uj>iker(<$ 4 ) or, equivalently, for every v G V, <5*(i!) = for all i ^> 1. When 5 is a locally 
nilpotent map in V we also say that 6 acts locally nilpotently on V. Every nilpotent linear map 
S, that is 6 n = for some n > 1, is a locally nilpotent map but not vice versa, in general. Let Q 
be a Lie algebra. Each element a G Q determines the derivation of the Lie algebra Q by the rule 
ad(a) : Q — )• Q, b \-> [a, b], which is called the inner derivation associated with a. The set Inn(£7) of 
all the inner derivations of the Lie algebra Q is a Lie subalgebra of the Lie algebra (End^(^), [•, ■]) 
where [f,g] := fg — gf- There is the short exact sequence of Lie algebras 

-> Z{Q) -^G^ Inn(Q) -> 0, 

that is Inn(<J) — G/Z(Q) where Z(Q) is the centre of the Lie algebra Q and ad([a, 6]) = [ad(a), ad(6)] 
for all elements a, b G C/. An element a £ C? is called a locally nilpotent element (respectively, a 
nilpotent element) if so is the inner derivation ad(a) of the Lie algebra Q. Let J be a non-empty 
subset of Q then Ceng(J) := {a G Q \ [a, b] = for all b G J} is called the centralizer of J in Q. It 
is a Lie subalgebra of the Lie algebra Q. Let A be an associative algebra and J be a non-empty 
subset of A. Then Cen^i) :— {a £ A \ ab = ba for all 6 G /} is called the centralizer of 7 in A. It 
is a subalgebra of A. 

Proposition 2.1 1. The Lie algebra u n is a solvable but not nilpotent Lie algebra. 

2. The finite chain of ideals is the derived series for the Lie algebra u n , that is (Un^U) — 
Un,i+l for all i > 0. 



4 



3. The upper central series for the Lie algebra u„ stabilizers at the first step, that is (u n )^ — u n 
and (u„)W = Un,2 for all i > 1. 

4- Each element m£u„ acts locally nilpotently on the u n -module P n . 

5. All the inner derivations of the Lie algebra u„ are locally nilpotent derivations. 

6. The centre Z(u n ) of the Lie algebra u n is Kd n . 

7. The Lie algebras u n where n > 2 are pairwise non-isomorphic. 
Proof. 1. Statement 1 follows from statements 2 and 3. 

2 and 3. Statements 2 and 3 follow from the decomposition u„ = ®" =1 -P;-i<9i and fl3J). 

4. Statement 4 follows from the definition of the Lie algebra u„. 

5. Let u G Un i\tin,i+i for some i = l,...,n. Then u — adi + vf for some elements a G Pj-i 
and u' G u n ,i+i- Let 6 = ad(u), d — ad(a9j), and w G u n . We have to show that 5 s (v) = for 
all s>l. By applying ((5$ twice, we see that € u„^ and <5 2 (u) G Un,t+i< By replacing the 
element u with 5 2 (v), without loss of generality we may assume that v G u n ,i+i and n ^ 0. In 
view of the equality u n .i+i = 0™ = j + i Pj-idj, v = bdi+i + v' for some elements ^ b G P, and 
w' G u„,i+2. For all natural numbers s > 1, by (O, 

<J» = 5 s (69 i+1 ) ee <5 s (6)d l+1 ee 9 s (6)a i+1 mod u n , I+2 . 

By statement 4, 9 s (6) = for all s>l. Then 5 s (v) G U„,i+2 for all s 3> 1. Similarly, 5 s (u) G 

for all s 3> 1. Applying the same argument several times we see that 5 s (v) G Un.n+i = for all 

s»l. This means that S is a locally nilpotent map, as required. 

6. It is well-known and easy to show that 

Cen An {d l ,...,d n )=K[d x ,...,d n }. (7) 

It follows that 

Ceru„(di, . . .,d n ,xid n , . . .,x n -id n ) = K[d n ], (8) 

and then 

Z(u n ) C Un n Ccn An (d!, . . .,d n ,xid n , . . .,x n -id n ) = u n n K[d n ] = Kd n . 

The reverse inclusion, Z(u n ) 2 Kd n , is obvious. Therefore, Z(u n ) = Kd n . 

7. Statement 7 follows from statement 2 as the derived series for the algebras u n have distinct 
lengths (and they are isomorphism invariants). □ 

Proposition ^. 11 (5) allows us to produces many automorphisms of the Lie algebra u n . For every 
element a G u„, the inner derivation ad(a) is a locally nilpotent derivation, hence 

e ad (a ) := J2^f- € Aut K (u n ). 

i>0 

In [3], the group Autif(u n ) of automorphisms of the Lie algebra u n and its explicit generators 
are found and it was shown that the adjoint group (e ad ( a ) | a G u„) is a tiny part of the group 
Aut^(u„). 

The next lemma classifies the nilpotent inner derivations of the Lie algebras u n . 
Lemma 2.2 Let a G u n and S = ad(a). The following statements are equivalent. 

1. The map 8 is a nilpotent derivation of the Lie algebra u n . 

2. a G P n -id n - 

3. 5 2 = 0. 
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Proof. The implications (2 => 3 =>■ 1) are obvious. 

(1 =>• 2) We have to show that the derivation 5 is not nilpotent for every element a G u„\P n _i9„. 
Let u £ u n \P n -id n , i.e., u = pid t + p i+ id t+ i + ■ ■ ■ + p n d n = pidi + ■ ■■ where p 3 G Pj_ x for all 
j — i, . . . ,n, i < n and pi 0. Since 

6 m (x™d l+1 ) = m\p?d i+l +■■■ for all m > 1, 

the derivation d is not a nilpotent derivation. □ 

Let A be a ring. A subset S of A is called a multiplicative subset or a multiplicatively closed 
subset of A if 1 G S, SS C £ and 0^5. Every associative algebra A can be seen as a Lie algebra 
(A, [•, •]) where [a, 6] = ab~ba is the commutator of elements a, & G A. For each element a G A, the 
map ad(a) : A — >• A, b i-> [a, 6] , is a X-derivation of the algebra A seen as an associative and Lie 
algebra. The derivation ad(a) is called the inner derivation of A associated with the element a. 
So, the associative algebra A and the Lie algebra (A, [•,•]) have the same set of inner derivations 
Inn(A) and the same centre Z(A). 

Let 6 be a derivation of a ring A. For all elements a, b G A, 

W) = ]r( n W)^m »>i; ( 9 ) 

i=0 

a n b = jr( U \aday(b)a n -\ n > 1. (10) 

i=0 

Corollary 2.3 7. TTie inner derivations {ad(u) | u € u„} o/ i/ie universal enveloping algebra 
U n of the Lie algebra u„ are locally nilpotent derivations. 

2. Every multiplicative subset S of U n which is generated by an arbitrary set of elements of u n 
is a (left and right) Ore set in U n . Therefore, S~ l U n ~ U n S . 

Proof. 1. Statements 1 follows from ([9]) and Proposition 12. II (5). 

2. Statements 2 is an easy corollary of (fT0|) and Proposition 12. II (5). □ 

Example. The set S = {d a | a G N n } is a multiplicative subset of the algebra U n - By Corollary 
12.31 (2). the localization ring S _1 E/n exists. 

Generalized Weyl Algebras. Let D be a ring, a = (<ri, er n ) an n-tuple of commuting 
automorphisms of D, ioiUj = o~jO~i, for all and a = (ai,...,a n ) an n-tuple of (non-zero) 

elements of the centre Z(D) of £>, such that <Ti(a,j) = a, for all i ^ j. 

The generalized Weyl algebra A — D{a,a) (briefly GWA) of degree n with base ring D is the 
ring generated by D and In indeterminates X\, ...,x n , y\ 1 y n subject to the defining relations 

Xia — ai(a)xi, and yia = a^ 1 (a)yt, for a G -D, 

[xi,Xj] = [yi, yj] = [Xi,yj] = 0, for i ^ j, 

where [x, y] = xy — yx. We say that a and a are the sets of defining elements and automorphisms 
of A respectively. For a vector k = (ki, k n ) £ Z™ we put = (1) • • • Vk„ (n) where, for 
1 < i < n and m > 0: w m (i) = x™, v- m (i) — y™, vo(i) = 1. It follows from the definition of the 
GWA that 

A = © feeZ nA ft 

is a Z™-graded algebra (AfeA e C Ak+ e , for all fc, e G Z"), where A& = Dtij. = vi~D. 

Let be the polynomial algebra K[H\, . . . ,H n ] in n indeterminates and let a = (tri, ...,<r n ) 
be an n-tuple of commuting automorphisms of V n defined as follows: (Tj(ilj) — Hi ^ 1 and 
Ui(Hj) — Hj, for i ^ j. The map 

A„ -> ^((ci, ...,cr n ), (ffi, . . . ,H n )), Xi^Xi, di^y l , for i = 1, . . . , n, 
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is a AT-algebra isomorphism. We identify the Weyl algebra A n with the GWA above via this 
isomorphism. The Weyl algebra A n = © Q ez™^Li,a is a Z-graded algebra (A niCt A n> p C A n _ a+ j3 for 
all a,P G Z n ). 

The multiplicative sets 5 = {d a \ a G N"} and T = {a; Q | a G N™} are (left and right) Ore sets 
of the Weyl algebra A n and 

B n := S- 1 A n =K[H 1 ,...,H n ][df\...,dt 1 ;^ 1 ,...,a- 1 }, 
K ■= T- 1 A n = K[H 1 ,...,H n }[xf 1 ,...,xt 1 ;(T 1 ,...,a n ]. 

The Weyl algebra (A n , [■,■]) is a Z™-graded Lie algebra, that is [A n _ a , A n ^] C A n _ a+I 3 for all 
elements a, j3 £ Z™. By the very definition, u„ and Der^(P„) are Z n -graded Lie subalgebras of 
the Lie algebra A n . 

The Lie algebra u„ contains both finite and infinite dimensional maximal abelian Lie subalge- 
bras as the next lemma shows. 

Lemma 2.4 1. D n := @" = i Kdi is a maximal abelian Lie subalgebra of the Lie algebra u n and 
Cen Un (r>„) = V n . 

2. The ideal P„_i<9„ of the Lie algebra u„ is a maximal abelian Lie subalgebra of u n and 
Cen Un (P„_ 1 9„) = P n -id n . 

Proof. 1. Statement 1 follows from the following two facts Cen J 4 re (I? n ) = K[di,... ,d n ] (see 
©) and Cen u „ (X>„) = u„ n K[d u ...,d n ]=V n . 

2. It follows from the equality CeiiA n _ 1 (Pn-i) = Pn-i that 

Cen 4n _ l(g , ii :[ an ](P n _ia„) = Cen^.^Pn-i) ® #[d n ] = P n -i[d n ]- 

Then Ccn Uii (P„-i9„) = u„ nP„_i[<9„] = P n -id n . Therefore, the ideal P n -\d n is a maximal 
abelian Lie subalgebra of u„. □ 

The homomorphism \n- The inclusion u„ C j4„_i <E) K[d n ], induces the algebra homomor- 
phism 

X n : U n -+ A„_! ® K[d n ], X a . t I y X a 8 l . (11) 

The image and the kernel of Xn are found in Theorem l2.5l By Corollary |2.3K 2). the homomorphism 
Xn can be extended to the algebra homomorphism (where S = {d a \ a G N a }) 

Xn ■■ S- x U n ->■ S^A^ ® K[d n }) = B n _t®K[d n ,d- 1 }. 

It is obvious that Xn(S^ 1 U n ) — P„_i ® -ftT[d n , c*" 1 ] (since X Q 4 9r h> x a d i d~ 1 — x a and = 

Let us define the relation -< on the set N n : we write a < (5 for elements a — (on) and j3 = (/%) 
of N" iff either a = and (3 is arbitrary (i.e., -< [3 for all /3 G N n ) or a ^ 0, /3 ^ and 
max{z | a, ^ 0} < max{i | /3j ^ 0}. Clearly, a -< (3 and /3 -< 7 imply a -< 7; a -< a iff a = 0; for all 
a,/3 e N"\{0} , a -< f3 implies [3 ^ a. 

Theorem 2.5 1. TTie set W„ := {x a d f) \a,f3 G N"; a -< /?} is a X-feasiis /or t/ie aZ^e&ra E/£ := 

Xn(U n )- 

2. The kernel of the algebra homomorphism Xn is the ideal of the algebra U n generated by the 
elements X a i Xp j — X ai X a+ pj where i < j , a G N' i_1 and j3 G W~ . 

3. The homomorphism Xn is not a surjective map. 

4- The algebra U' n is not a finitely generated, neither left nor right Noetherian algebra. 
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Proof. 1. The elements of the set W n are K- linearly independent elements since they are so as 
elements of the algebra A n -i®K[d n ]. Let T n := XXoew We have to show that Xn(Un) — 1-n- 

The algebra Xn{U n ) is generated by the elements Xn{X a ^) = x a di. Using the relations 

x a d l x l3 d l = x a+/3 df, {x a d l ,x~ l d 1 ]=-/ l x a+ ~<- e *d l d J for i < j, 

we see that the algebra Xn(U n ) is contained in the linear span, say I' n , of the elements 

d^x a2 d% 2 ■ ■ • x Q 'df ■ ■ • x a "d^ where ft eN,a,6 N i_1 , i = 2, . . . ,n. 

Using the commutation relations [ft,Xj] = 5y (where is the Kronecker delta- function) , every 
such element can be written as a linear combination of some elements of W n . Therefore, Xn(U n ) C 
T C T 

To prove that the reverse inclusion Xn(U n ) D I n holds and hence to finish the proof of statement 
1, we have to show that each element w ^ 1 of W n belongs to the algebra Xn{U n )- The element 
w ^ 1 is the product 

a;" 1 • • • a^'Sf 1 • • • Sf' for some a*, ft € N, s < t and ft ^ 0. 

The case where a% — ■ ■ ■ — a s — is obvious. So, we can assume that a s ^ 0. Each element 
x" 1 ■ ■ -a^df 1 ■ • ■ <9f s of the Weyl algebra A s can be written as a sum J2 U veN s ^uvd u x v where 
X uv G X. Now, 

™ = ( E A™^)^ 1 • • • = E ^^flffi 1 • • • t-i e Xn(^) • 

The proof of statement 1 is complete. Moreover, the last step implies that the set 

W' n := {d a ,d x v dl \a G N n ;i > l;0,v £ N 4 " 1 and i/ ^ 0; t = 2, . . . , n} (12) 

is also a if-basis for the algebra Xn(U n ). In more detail, the algebra Xn{U n ) is a linear span of W' n 
and the elements of the set W' n are linear independent since they are so as elements of the Weyl 
algebra A n . Therefore, W' n is a if -basis of the algebra Xn{U n ). This basis is used in the proof of 
statement 2. 

2. Let I be the ideal of the algebra U n generated by the elements (the would be generators for 
ker(xn)) of statement 2. For each element w' of the set W^, that is for d a and d^x v d l tl choose the 
element w" G X^ 1 (w') as follows 

„ = (U X S) liw' = d a ,a=( ai ), 

So, Xn{w") = w' for all elements w' G W n . Let W" be the set of all elements w". The elements 
in are linearly independent in the algebra U n as pre-images of linearly independent elements. 
Let I" := J2w"eW" Kw" . To finish the proof of statement 2, it suffices to show that 

u n = z;; + 1. 

(Suppose that the equality holds. Since I C ker(x„) and the set W£ is mapped bijectively onto 
the basis W n of the algebra Xn(U n ), these two facts necessarily imply that I = ker(x„)). To prove 
the equality U n = 1" + I we follow the line of the proof of statement 1. The relations ([2]) and 
X a jXp^ = Xo^Xa+pj mod / imply that the linear span of the elements 

{<i(<2*a 2 , 2 ) ■ ■ ■ (X^X' a J ■ ■ ■ (X&X' anjn ) I ft G N, a, G W~\X' a ^ G {1, X a<)i }, * - 2, ... , „}, 
where 
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generate the algebra U n modulo the ideal /. Using the generators for the ideal I and the relations 
©, each of these elements can be written as a linear combination of the elements w" (defined 
above). Then U n = 2£ + I. 

3. Suppose that the homomorphism \n is a surjective map, we seek a contradiction. The ideal 
a := U n u n U n of the algebra U n contains ker(xn); U n /a ~ K, x„(a) is an ideal of the algebra 
Xn{U n ) = A n _x (g) K[d n ] and 

A„_j ® K[d n ]/xn(a) = Xn(U n )/Xn{a) = Xn(K + a)/xn(a) = (K + x„(a))/x„(a) ~ K. 

The Weyl algebra A„_i is a simple infinite dimensional algebra, so it is mapped isomorphically 
onto its image under the algebra homomorphism 

Ai-i ->■ Ai-i ® K[d n )/xn(a) ~K, a®l + Xn(a), 

a contradiction. 

4. See Proposition 13.91 where a stronger statement is proved. □ 
Corollary 2.6 The set W' n (see USfy ) is a K-basis for the algebra U' n . 

Proof. This fact was established in the proof of statement 1 of Theorem [53] □ 

3 Classification of ideals of the Lie algebra u n 

In this section, the uniserial and central dimensions are introduced and a classification of ideals is 
given for the Lie algebra u„ (Theorem 13.31 (1)). It is proved that the Lie algebra u„ is a uniserial, 
Artinian but not Noetherian Lie algebra of uniserial dimension u.dim(u„) = Ld n ~ 1 +oj n ~' 2 +- ■ -+lu+1 
(Theorem 13. 31 (2)); every ideal of u„ is a characteristic ideal (Corollary 13. TP : the central series of 
the Lie algebra u n is found and it is shown that the central dimension of the Lie algebra u n is 

equal to c.dim(u„) = u/ 1-1 + w" -2 H \- to + 1 (Theorem 13. 6p . 

The uniserial dimension. Let (S, <) be a partially ordered set (a poset, for short), i.e., a 
set S admits a relation < that satisfies three conditions: for all a,b,c E S, 

(i) a < a; 

(ii) a < b and b < a imply a = 6; 

(iii) a < b and b < c imply a < c. 

A poset (S, <) is called an Artinian poset is every non-empty subset T of S has a minimal 
element, say t G T, that is t < t 1 for all t 1 G T. A poset (S, <) is a well-ordered if for all elements 
a,b G S either a < b or b < a. A bijection / : S — > S' between two posets (S, <) and (S', <) is 
an isomorphism if a < b in S implies /(a) < f(b) in S'. Recall that the ordinal numbers are the 
isomorphism classes of well-ordered Artinian sets. The ordinal number (the isomorphism class) of 
a well-ordered Artinian set (S, <) is denoted by ord(S'). The class of all ordinal numbers is denoted 
by W. The class W is well-ordered by 'inclusion' < and Artinian. An associative addition '+' and 
an associative multiplication '•' are defined in W that extend the addition and multiplication of 
the natural numbers. Every non-zero natural number n is identified with ord(l < 2 < • • • < n). 
Let u> :— ord(N, <). More details on the ordinal numbers the reader can find in the book [6]. 

Definition. Let (S, <) be a partially ordered set. The uniserial dimension u.dim(S') of S is the 
supremum of ord(I) where X runs through all the Artinian well-ordered subsets of S. 

For a Lie algebra G, let Jo(G) and J(G) be the sets of all and all non-zero ideals of the Lie 
algebra G, respectively. So, Jo{G) = J{G) U {0}. The sets Jo{G) and Jiff) are posets with respect 
to inclusion. A Lie algebra G is called Artinian (respectively, Noetherian) if the poset JiG) is 
Artinian (respectively, Noetherian). This means that every descending (respectively, ascending) 
chains of ideals stabilizers. A Lie algebra G is called a uniserial Lie algebra if the poset Jiff) is a 
well-ordered set. This means that for any two ideals a and b of the Lie algebra G either a C b or 
b C a. 
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Definition. Let Q be an Artinian uniserial Lie algebra. The ordinal number u.dim(^) := 
ord(J(Q)) of the Artinian well-ordered set Jiff) of nonzero ideals of Q is called the uniserial 
dimension of the Lie algebra Q. For an arbitrary Lie algebra Q, the uniserial dimension u.dim(C?) 
is the supremum of ord(I) where I runs through all the Artinian well-ordered sets of ideals. 

If Q is a Noetherian Lie algebra then u.dim(^) < uj. So, the uniserial dimension is a measure 
of deviation from the Noetherian condition. The concept of the uniserial dimension makes sense 
for any class of algebras (associative, Jordan, etc.). 

Let A be an algebra and M be its module, and let Ji{A) and A4(M) be the sets of all the 
nonzero left ideals of A and of all the nonzero submodules of M, respectively. They are posets with 
respect to C. The left uniserial dimension of the algebra A is defined as u.dim(yl) :— u.dim(Ji(A)) 
and the uniserial dimension of the A-module M is defined as u.dim(Af) := u.dim(.M(Af)). 

An Artinian well-ordering on the canonical basis B n of u„. Let us define an Artinian 
well-ordering < on the canonical basis B n for the Lie algebra u„ by the rule: X a ,i > Xpj iff i < j 
or i = j and a n _i = /3„_i, . . . , a m+1 = p m+ \, a m > fi m for some to. 

Examples. For n = 2, 8 2 < X182, < x\8 2 < ■ ■ • < 8\. 

For n = 3, 

83 < x x d 3 < x\d 3 < ■ ■ ■ < 
x 2 8 3 < x\x 2 8 3 < x\x 2 8 3 < ■ ■ ■ < 

x\8 3 < x\x\8 3 < x\x\8 3 <■■• < 

8 2 < xid 2 < x\8 2 < ■ ■ ■ < 8l 

The next lemma is a straightforward consequence of the definition of the ordering <, we write 
< X a>l for all X a ^ € B n . 

Lemma 3.1 If X a ,i > Xpj then 

1. X a+1 . L > X fj+1 .,j for all 7 G N* -1 , 

2. A Q _ 7ii > X^_ 7) j for all 7 € W^ 1 such that a - 7 £ and ft - 7 £ W^ 1 , 

3. [8k, X a ^i] > [8k, Xfjj] for all k = 1, . . . , i — 1 such that ak ^ 0, and 

4- [X 7 ,k, X a ,i] > [X 7 ,k,Xp,j] for all A 7jjt > X a ^ such that [X 1:k , X a .j\ ^ 0, i.e., ak ^ 0. 

Let Vt n be the set of indices {(a,i)} that parameterizes the canonical basis {X a i } of the Lie 
algebra u„. The set (£l n , <) is an Artinian well-ordered set, where (a,i) > ((3,j) iff X a ^ > Xpj, 
which is isomorphic to the Artinian well-ordered set (B n , <) via (a,i) i-> X a ^. We identify the 
posets (f2„, <) and (B n , <) via this isomorphism. It is obvious that 

ord(S„) = ord(fi„) = u n ~ l + cj"~ 2 + • • • + u + 1, (13) 

£l 2 cQ 3 C ■■■ and B 2 C B 3 C • • ■ . Let [1, ord(f2„)] := {A e W 1 1 < A < ord(fi„)}. By ([2]), if 
[X a ,i, Xp.j\ ^ then 

[X^Xpj] < miniX^X^j}. (14) 

By (JT4J) , the map 

p n : [l,ord(O n )] -> J{u n ), A h> := 7 A ,„ := KJ a ,j, (15) 

(a,i)<A 
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is a monomorphism of posets (p n is an order-preserving injection). We will prove that the map 
p n is a bijection (Theorem 13.31 (1)) and as a result we will have a classification of all the ideals of 
the Lie algebra u n . Each non-zero element u of u„ is a finite linear combination 

u = XX aa + fJtXpj H h vX aM = XX a>i H 

where A, /i, . . . , v G K* and X a> i > Xpj > • • • > X at k- The elements XX a ^ and A G X* are called 
the leading term and the leading coefficient of u respectively, and the ordinal number denoted by 
ord(X a .i) = ord(a, i) G [1, ord(f2 n )], which is, by definition, the ordinal number that represents the 
Artinian well ordered set {(/?, j) G Q n | (/3, j) < (a, «)}, is called the ordinal degree of w denoted by 
ord(u) (we hope that this notation will not lead to confusion). For all non-zero elements u, v G u„ 
and X E K*, 

(i) ord(u + v) < max{ord(it), ord(v)} provided u + v 0; 

(ii) ord(Au) = ord(u); 

(iii) ord([u,w]) < min{ord(u), ord(w)} provided [u,v] ^ 0; 

(iv) ord(<r(u)) = ord(u) for all automorphisms a of the Lie algebra u„ f Corollary 13. 8|) . 

A classification of ideals of the Lie algebra u„. The next lemma is the crucial fact in the 
proof of Theorem 13.31 

Lemma 3.2 Let I be a nonzero ideal of the Lie algebra u n . Then L — Uo^«e/ -^ord(u) • I n par- 
ticular, (v) — I id(v) f or a M nonzero elements v of u n where (v) is the ideal of the Lie algebra u n 
generated by the element v. 

Proof. It suffices to show that the second statement holds, that is (v) = I OI d( v )> since then 

1= ^ i u ) = 2J ^ord(u) = [J 4rd(u)- 

To prove the equality (v) — I or d( v ) we use the double induction: first on n > 2 and then, for a 
fixed n, the second induction on A = ord(u). Without loss of generality we may assume that the 
leading coefficient of the element v is 1. Notice that ord(i;) is not a limit ordinal. 

Let n = 2. If A = 1 then v = d 2 , and so (v) = Kd 2 = I\, as required. Suppose that A > 1 and 
that the statement is true for all non-limit ordinals A' such that A' < A. 

Case 1: A = ord(x\d 2 ) for some i > 1, i.e., 

v = x\d 2 + Hi-ix\~ 1 d2 H h pod 2 

for some scalars fij G K. Let 5 = ad(<9i). Then I\ D (v) 2 J2]=o K8^{v) = I\, that is (v) = I\. 

Case 2: A = ord(di) = ui + 1, i.e., v = d\ + pd 2 for some element p G P\. For all i > 1, (v) 3 
[v,x\d2] — ix l {~ 1 d 2 . By Case 1, 112,1 C (v), and so d\ G (v). Therefore, (v) = u 2 = I^+x = I id(v)- 

Suppose that n > 2, and the statement holds for all n' such that n' < n. If A = 1 then 
v G K*d n , and so (v) = Kd n = ii, as required. Suppose that A > 1 and that the statement is 
true for all non-limit ordinals A' such that A' < A. 

Case 1: A = ord(x Q 9„) for some ^ a G N™ -1 , i.e., v = x a d n + ■ • • where the three dots 
mean smaller terms. The next Claim follows from ([2]) and the definition of the well-ordering on 
the canonical basis B n of u„. 

Claim: For each non-limit ordinal X f such that X f <C A, there exist elements of 13 n7 say 
01, . . . , a s , of type Xpj where i ^ n such that 

ord(ad(ai) • • • &d(a s )(v)) = A'. 

It follows from the Claim and the induction on A that (v) = I or d(v) ■ 

Case 2: v — di + ■ ■ ■ for some i such that i < n. For all elements x^di+i with /3 G N l and 

A ^ 0, 

(v)3[v, X Pd l+1 ]=P l x^d l+1 + --- 
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and so ord([u, x^di+i]) = ord(a^ — "♦Sj+i). By induction, (v) D U m <a-4 =: J. But I\ D (v) = 
Kv + J — Kdi + J = I\, and so (v) = I\. 

Case 3: v = £ Q <9i + ■ • • for some i such that i < n and a £ N I_1 \{0}. Notice that 

(v)^U a ^(v) = a i + .... 
i a j' 

3=1 J 

By Case 2, I ord ( 9j ) C (u). Since u„ :i+ i C ^(g^, we have U„,i+i C (v). By (©, ~ u n /u n , i+ i. 
By the assumption, i < n. By considering the element v + u„,i+i G u^, the statement follows by 
induction on i. □ 

Let m, u € u„\{0}. Then (it) C (v) iff ord(u) < ord(i;). 

Theorem 3.3 1. The map f!5\) is a bijection. 

2. The Lie algebra u„ is a uniserial, Artinian but not Noetherian Lie algebra and its uniserial 
dimension is equal to u.dim(u„) = ord(£!„) = a/ 1-1 + u n ~ 2 + • ■ • + co + 1. 



Proof. 1. Statement 1 follows at once from Lemma T3. 2 1 
2. Statement 2 follows from statement 1. □ 

An ideal a of a Lie algebra Q is called proper (respectively, co-finite) if o ^ 0, Q (respectively, 
Am\ K {Q/a) < oo). 

Corollary 3.4 1. The ideal u„.2 is the largest proper ideal of the Lie algebra u n . 

2. The ideal u„.2 is the only proper co-finite ideal of the Lie algebra u n , and dim^ (u ra /u n) 2) = 1. 

3. The centre Z(u n ) — Kd n of the Lie algebra u„ is the least non-zero ideal of the Lie algebra 

4- The ideals L s := J2t=o Kx\d n where s = 1, 2, . . . are the only finite dimensional ideals of the 
Lie algebra u n , and dimx(/ s ) = s. 

Proof. All statements are easy corollaries of Theorem 13.31 □ 

The centralizers of the ideals of u„. In combination with Theorem l3.3l the next proposition 
describes the centralizers of all the ideals of the Lie algebra u„. Notice that the centralizer of an 
ideal of Lie algebra is also an ideal. 

Proposition 3.5 1. 

'Kd n i/A = ord(fi n ) = a;™" 1 + ••• + uj + 1, 

4,',™ = Pid n if A G (w™- 1 + • • • + uj i+1 , u"- 1 + ■■■+ uj%i = 1, . . . ,n - 2 

*i=m+iPi-idi ifXE(u m - 1 ,u m ],m=l,...,n-l, 

u n ifX = 1. 

2. The set C(u„) of all the centralizers of the ideals of the Lie algebra u n contains precisely 
2n — 1 elements and the map C(u n ) — > C(u n ), C i— > Cen u?i (C), is a bijection. Moreover, it is 
an inclusion reversing involution, i.e., Cen Uji (Cen Uji (C)) = C for all C G C(u„). 

3. Cen Uri (u„) = Kd n , Cen Un (Kd n ) = u n , Cen Uii (P„_i<9n) = P n -id n , Cen Un (Pid n ) = (Bj =i+1 Pj- 
and Cen Uri (®J = i + iPj-idj) = P l d n for i = 1, . . . , n — 2. 

Proof. 1. Let C\ := Cen u?i {I\, n ). If A = ord(Sl„) then = u„ and C\ = Z(u n ) = Kd n , by 
Proposition 12.11 (6). If A = 1 then I\ >n — Kd n — Z(u n ), and so C\ — u„. We can assume that 
A 7^ l,ord(f2 n ). To prove the proposition we use induction on n > 2. For n — 2, the only case to 
consider is when A G (l,w]. In this case, 



Cen u „(/A,„) 



4,2 = 



©iLtM^a if K A < u, 
P\d2 if A = ui, 
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and so C\ = P\d2- 

Let n > 2, and we assume that the proposition holds for all n' < n. 
Claim. C^m = ©™ =m+1 P,-_i<3j for m = 1, . . . , n — 1. 

For m = n — 1, I u n-i n = P n -\d n and the claim is Lemma I2.4l f2). Suppose that m < n — 1. 
Then I u m in — P m d n C I^-i^, hence C u m D G w »-i = P n -\d n . This means that the u„-module 
I u m >n is also a u n /P n _i<9 n -module and a u n _i-module since u„_i ~ u n / P n -\d n . The map 

/w"\n = P m d n ~* Iu™,n-1 = P m d n -1, pd n ^ pdn-1, 

is an isomorphism of u„_i-modules (since d n G Z(u n ) and <9„_i G Z(u„_i)), and the claim follows 
by induction on n. 

Suppose that 1 < A < oj n ~ 1 , i.e., A G (uj m ~ 1 ,uj m ], for some m G {l,...,n — 1}. We have 
to show that C\ — C u ™, see the claim. By the claim, the inclusions I u m-i in C I\. n C 1^™^ 
imply the inclusions C^m-i D C\ D C u m. Notice that C u m-i = C w ™ P m ^id m , x m d n G Ia,™ 
(since A G (w m_1 ,w m ]), and, for all nonzero elements p G P m -i, [pd m ,x m d n ] = p<9« 7^ 0. Hence, 
C\ = C u m, as required. 

Suppose that w"- 1 < A < ord(fi n ) = u/^H \-ui + l, i.e., A G (w n ^H hw ,;+1 , uj 71 ^ 1 H h 

w*] for some i G {1, . . . , n - 2}. Let A, := a;"" 1 H hw'. Then I x , n C I x .. n = ®J =i+1 Pj-idj = 

Cen Un (I u i <n ), by the claim. Therefore, C\ D = P;9 n . The inclusion Ja.ts 3 P n -id n = 4,n- i jtl 
implies the inclusion Ca C C u »-i = P n _i9 n , by the claim. Then the inclusion . . . , d n } C 

7a,„ implies that Ca C Cenp ra _ 1 . . . ,d n )d n = Pid n = I u % n . This means that C\ — I u i n . 

2. Statement 2 follows from statement 3. 

3. Statement 3 follows from statement 1. □ 

The central series and the central dimension. For a Lie algebra Q over a field K, let us 
define recursively its central series {Z^(Q)}\ e w- Let Z^°'(Q) := Z{Q). If A is not a limit ordinal, 
that is A = \i + 1 for some pL G W, then 

Z {x) {g):=Ti- 1 {Z(g/Z^(g))) where tt m : Q -> g/Z^(G), a^a + Z^{G). 

If A is a limit ordinal then Z^(g) := {Ju<\ zM (G)- If A < /i then Z^(g) C ZW(Q). So, 
{Z( A )(C/)}Aew is an ascending class of ideals of the Lie algebra g. Let Z^\g) := Uagw Z^ x \g). 

Definition. The minimal ordinal number A (if it exists) such that Z^ x '(g) = Z^ ff >{ff) is called 
the central dimension of the Lie algebra g and is denoted by c.dim(^). In case, there is no such 
ordinal A we write c.dim(<5) = W. The concept of the central dimension makes sense for any class 
of algebras (associative, Jordan, etc.). 

The Lie algebra g is central, that is Z(Cj) = 0, iff c.dim(£?) = 0. So, the central dimension 
measures the deviation from 'being central.' The next theorem describes the central series for the 
Lie algebra u„ and gives c.dim(u„). 

Theorem 3.6 The central series {Z^ (u n )} Aew stabilizers precisely on ord(fi n ) = oj n ~ 1 +u> n ~ 2 + 
■ ■ ■ + uj + 1 step, i.e., c.dim(u„) = ord(Q„). Moreover, for each A G [l,ord(fi n )], Z^ x \u n ) = I\. 
In particular, Z( c - dim ( u "» (u„) =U„. 

Proof. It suffices to show that Z^ = I x for all A G [l,ord(fi„)] where Z^ := Z^(u n ). We 
use an induction on A. The case A = 1 follows from Proposition O (6), Z^ = Z{Q) = Kd n = I x . 
Suppose that A > 1, and that the equality holds for all ordinals A' < A. 

If A is a limit ordinal then 

z w=\Jz^=\Ji, = i x . 

Suppose that A is not a limit ordinal, that is A = /i + 1 for some ordinal number /i. 

Case 1: A < uJ n ^ 1 . Then necessarily A < since A is not a limit ordinal but w™ -1 is. 

Clearly, I\ C Z^ x \ by (J2j> (since Z^ — 1^, by induction). Suppose that 7a ¥= Z^ then necessarily 
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C (by TheoremE31(l)). If A = X a>i for some a G N™" 1 (recall that we identified (fi„, <) 
and (23„, <)) then A + 1 = I a+ei , n and X a j rei ^ n G ^a+1j but [c?i, A" Q _j_ ei: „] — (ai 
a contradiction. Therefore, Z' A ) = I\. 

Case 2: A > a;™ -1 . Notice that D I\ 2 i^n-i = u n! „ and u„/u n! „ ~ U n _i, by ©. Now, 
we complete the argument by induction on n. The base of the induction n — 2 is covered by the 
Cases 1 and 2 for n = 2 above. □ 

An ideal / of a Lie algebra Q is called a characteristic ideal if it is invariant under all the 
automorphisms of the Lie algebra Q, that is <j(I) = I for all a G Autif(^). It is obvious that an 
ideal / is a characteristic ideal iff a (I) C I for all a G Aut 

Corollary 3.7 j4Z/ the ideals of the Lie algebra u„ are characteristic ideals. 

Proof. By the very definition, all the ideals in the central series {Z^ (u„)} are characteristic 
ideals of u n but these are all the ideals of the Lie algebra u„, by Theorem l3.6l We can also deduce 
the corollary from Theorem 13.31 (2). □ 

Corollary 3.8 For all nonzero elements u G u n and all automorphisms a of the Lie algebra u„, 
ord(cr(w)) = ord(it). 

Proof. Notice that 

ord(u) = min{A G [1, ord(fi n )] | u G h}- (16) 

Now, the statement follows from the fact that all the ideals L\ are characteristic (Corollary 13. 7[) . 
□ 

The subalgebra U' n of the Weyl algebra A n . Let be a an ideal of a Lie algebra Q. 
Then the ideal U(Q)aU(Q) of the universal enveloping algebra U(Q) generated by a is equal to 
U(Q)a = aU{Q). The chain of ideals of the Lie algebra u„ 

h C • • • C I\ C • • • C Un = I Td(n„), ^ e [1) ord(Q„)], 

yields the chain of subalgebras and the chain of ideals of the algebra U n , respectively, 

U(h) G • • • C U(L X ) C • • • C U n and U n I x G • • • G U n L x G • • • G U n . 

^ e t U' n \ := Xn(U(I\)) and I' x :— Xn(U n L\) where Xn is the algebra homomorphism (fTTj) . Then 

c/;, 1 c...cc/; A c...cc/; = Xn (c/ n ) (17) 

is a chain of subalgebras of the algebra U' n , and 

l' nA c • • • c l' ntX C • • • C U' n (18) 
is a chain of ideals of the algebra U' n . 

Proposition 3.9 1. All the inclusions in J_?7| ) are strict inclusions. The algebra U' n is not a 
finitely generated algebra. 

2. All the inclusions in 1 18\) are strict inclusions. In particular, the algebra U' n is neither left 
nor right Noetherian algebra and does not satisfy the ascending chain condition on ideals. 

Proof. 1. We use induction on n. Let n = 2. For each i G [l,w), the algebra U'^ i is generated 
by the commuting elements x-[d2, where < j < i — 1 since 

zi<9 2 • sjflb = x{ +k di for all j, fc. 

These equalities mean that the algebra U^is isomorphic to the monoid algebra KAii (via x\di n> 
(j, 1)) where Mi is the submonoid of (N 2 , +) generated by the elements (j, 1) where < j < i — 1. 
It follows that 

x\~ 1 d 2 G f/a.A^.i-i for a11 i = 2, 3, 
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This means that the inclusions U 21 C U 2 2 C ••• C C/^ C ••• C U 2u — Ui>iU 2i are strict 
inclusions and so the algebra U 2 u is not a finitely generated algebra. Since d\ £ [/^(/^ u , f/j = 
U 2 u \d\, ad(9i)] is the skew polynomial algebra and [di, U 2 J C U 2 i for all i > 1, statement 1 is 
true for n = 2. 

Suppose that n > 2 and we assume that statement 1 is true for all n' < n. Let A £ [l,u;™ ). 
Then A + 1 is not a limit ordinal. Notice that [1, a;™ -1 ) C [1, ord(il„)). Hence, A + 1 — (a, n). The 
elements {x^d n \ (3 £ N n_1 } commute. Moreover, 

x d n ■ x^dn = x^dl for /3, 7 6 N n_1 . 

Therefore, the algebra U' x is a commutative algebra which is isomorphic to the monoid algebra 
KM n ,\ (via x^d n H> (/3, 1)) where M n ,\ is the submonoid of (N™,+) generated by the elements 
{(/3, lj I (/?, n) < A}. It follows that 

x a d n £ K tX+1 \K, x for all A £ [l.w*" 1 ). 

This means that (the inclusions are strict) 

c/; a c c/; 2 c • • • c v n>x c • • • c = |j c/; A . 

Let A > lu"- 1 . By Theorem [231(1) and 

K-i, + - for a11 ^ e [l»°rd(nn_i)]. (19) 

By induction on n, statement 1 holds. 

2. We use freely the facts proved in the proof of statement 1. We use induction on n. Let 
n = 2. For each i £ [l,u)), the ideal I 2 i of the algebra U 2 is generated by the commuting elements 

x{d 2 where < j < i - 1. By Corollary [HI the set W 2 = {d\d 3 2 ,d\x\d 2 ■ d J 2 | i, j £ N, k > 1} is a 
if-basis for the algebra U 2 . For each i £ [l,w), 

i-l i-l 
j=0 i>Q k>0,j>2 i>0 fe=0 

It follows that 

4^92 G fyWi, i = 2,3 

This means that 

i>l 

Since 1 S t/^Via w +i an d $i € ^.w+A-^ ^ statement 2 is true for n = 2. 

Suppose that n > 2 and we assume that statement 2 is true for all n' < n. Let A £ [l,u;" -1 ). 
Then A + 1 is not a limit ordinal. Notice that [l,w™ _1 ) C [1, ord(fi n )). Hence, A + 1 = (a, n). It 
follows from the equality i£,A+x = ^Xn(-T\+i) = Z)(/?,„)<a+i U n xl3 d n and © that 

4a + iH( ifx^ n )= tf^9 n . (20) 

/3SN"- 1 (/?,n)<A+l 

It follows that 

* a 3„ e for all A £ [l,^- 1 ). 

This means that 

I'n,l C ^n,2 C • • • C /'j.A C • • • C l' n ^-i = [J l'n,\- 

Aepi^™- 1 ) 
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Let A > uf 1 1 . In view of (fK))) . we also have 

- for all M G [l >0 rd(n n _i)]. (21) 

By induction on n, statement 2 holds. □ 

The Heisenberg Lie subalgebras of u„. Let g\ n (K) = (§)™j =1 KEij be the nxn matrix 
Lie algebra where are the matrix units. For each n > 2, let XJT n (K) = KEij be the 

upper triangular nxn matrix Lie algebra, \JT n (K ) C gl n (K). The i^-linear map 

UT n (K) -> u n , Py h-> liSj, 

is a Lie algebra monomorphism. We identify the Lie algebra UT n (K) with its image in u„. 

The Heisenberg Lie algebra TL n is a 2n + 1 dimensional Lie algebra with a if-basis X%, . . . , X n , 
Y\, . . . ,Y n , Z where Z is a central element of , 

[Y i ,X j ]=S ij Z, [^,^1 = 0, [^,^=0, i,j = l,...,n 

where 5ij is the Kronecker delta-function. The if-linear map 

H n -i ^ u„, Xi\-+Xid n , Yi<-+di, Z h> d„, i = l,...,n-l 

is a Lie algebra monomorphism. We identify the Heisenberg Lie algebra Tin-i with its image in 
u„. Since Hi-i C u, C u„ for i = 2, ...,n — 1, the Lie algebra u„ contains the Heisenberg Lie 
algebras Hi, i = 1, . . . , n — 1. For all natural integers i and j with i ^ j, Hi HHj ; = X)fe=i^ J ^ ^<9fc- 
Let ^4 be an algebra or a Lie algebra and M be its module. Then ann^(M) := {a g vl | aM = 0} 
is called the annihilator of the A- module M. It is an ideal of A. A module is called faithful if its 
annihilator is 0. 

The u„-module P„. To say that P n is a u„-module is the same as to say that P n is a 
[/^-module. The importance of this obvious observation is that we can use the relations of the 
Weyl algebra A n in various computations with U' n as U' n C A n . For each n > 2, u„ is a Lie 
subalgebra of the Lie algebra u n+ i = u„ © P„<9„ + i, P„(9„ + i is an ideal of the Lie algebra u n+ i 
and [P n d n +ii P n d n +i] — 0. In particular, P n d n +i is a left u„-module where the action of the Lie 
algebra u„ on P n d n+ i is given by the rule: uv :— [u, v] for all u £ u„ and v 6 PnC^+i. Recall that 
the polynomial algebra P n is a left u„-module. 

Lemma 3.10 1. The K-linear map P n — > P n c? n +i, p i— >• p<9„+i, is a u n -module isomorphism. 

2. The Un-module P n is an indecomposable, uniserialu n -module, u.dim(P„) = w™ ararf ann Un (P n ) = 
0. 

3. The set {P\, n '■= ffiaeN™,(a.ri+i)<A-K' a;Q I A € [1,cj™]} is the set of all the nonzero u n -submodules 
of P n ; P\,n C Pju,n «jff A < n; u.dim(P A! „) = A for all A G [l,w n ]. 

^. All the u n -submodules of P n are pairwise non-isomorphic, indecomposable, uniserial u n - 
modules. 

Proof. I. It is obvious that the map is a bijection and a u ra -homomorphism. 

3. By statement 1, the u„-module P n can be identified with the ideal P„<9 ra +i of the Lie algebra 
u„+i. Under this identification every u„-submodule of P n becomes an ideal of the Lie algebra u n +i 
in P n d n +i, and vice versa. Now, statement 3 follows from statement 1 and the classification of 
ideals of the Lie algebra u n+ i (Theorem 13.31 (1)). 

2. By statement 3, the u„-module P n is uniserial, hence indecomposable, and u.dim(P„) = 
uj n . The Weyl algebra A n is a simple algebra, hence ann^„(Pn) = 0. Then ann Ura (P n ) = u n Pi 
ann^„ (P n ) = since u„ Ci„. 

4. By statement 3, u.dim(P\ !rt ) = A. Hence P\, n 9^ P^,n for all A ^ /i. The rest is obvious (see 
statement 2). □ 

The next corollary describes the annihilators of all the u n -submodules of P n . In particular, it 
classifies the faithful u„-submodules of the u„-module P„. 
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Corollary 3.11 1. The u n -submodule P\,« of P n is a faithful sub-module iff A G [u) n + l,o; n ]. 

2. ann Ura (P w „-i in ) = P n -id n . 

{0 if A S (w"" 1 .^], 

C m+ i^ift i/A e (w wl - 1 ,w TO ],m = l,...,n-l, 
u„ z/A = l. 

Proof. 2. The inclusion "D" is obvious. The reverse inclusion "C" follows from the facts that 
P n _i is a faithful u„_i-module fLemma 13.101 (2)). u„_i ~ Un/ 'P n -\d n and P„_i = P w »-i „ is an 
u„/P„_i<9„-module. 

1. Notice that if N is a submodule of M then ann(iV) 3 ann(M). In view of this fact and 
statement 2, to finish the proof of statement 1 it suffices to show that u„-module P w »-i+i„ is 
faithful. Since P w «-i )n C P u n-i + x tn , we have a := ann„ n (P u n-i +liTl ) C ann Un (P w »-i in ) = P„_i<9 n 
Since x n G P w »-i+i n and, for all nonzero elements p G P n -i, pd n * (x n ) = P ^ 0, we have a = 0. 

3. We use induction on n > 2. The initial case is n = 2, and there are three cases to consider: 
A G (ll>,ll! 2 ], A = (l,o;] and A = 1. The first case is statements 1. The last case is obvious. In the 
second case, 

ann U2 (P m , 2 ) = ann„ 2 {®^K x i) = K[x x ]di. 

Let n > 2, and we assume that statement 3 holds for all n' < n. If A G (a;™ -1 , a;™] then, by 
statement 1, the u„-module P\ n 1S faithful. If A = 1 then ann Un (P ln ) = axm Un (K) = u„. If 
1 < A < o;™" 1 , i.e., A G {u™- l ,u m ] for some to G {l,...,n - 1},' then P A ,„ C P„_ x . By 
statement 2, a := ann Un (P\ jra ) D ann Un (P u n-i n ) = P n -id n . Since u„_i ~ u n / P n -\d n , the 
inclusion P\, n C P n _i is an inclusion of u n _i-modules. Moreover, the u„_i-submodule Px, n of 
P n _i can be identified with the u n _i-submodule P\, n -i 01 Pi-i- Now, the result follows by 
induction on n. □ 

Corollary 3.12 Lef n > 3. TTien t/ie ideal I u ,i-2 +1 = Kx n ~\d n + X^qgN"- 2 Kx a d n is the least 
ideal I of the Lie algebra u„ which is a faithful \x n -\-module (i.e., ann Un _ 1 (J) = 0). 

Proof. By Lemma r3.10K l) and Corollary 13.111 (1). the u„_i-module / w »-a+i is faithful but its 
predecessor I u *.-n is not as ann ttn _ 1 (7 a) n-2) = ann Unl (^ QeN „_ 2 Kx a d n ) 9 9 n -i- D 

The inclusion of Lie algebras u„ C u„ + i = u n © P„_i<9„ respects the total orderings on the 
bases B n and B n +i- The u„-module isomorphism P„ — > P n 9 n+ i, p — >• pd n +i, (Lemma 13.101 (1)). 
induces the total ordering on the monomials {x Q } Q gN' 1 of the polynomial algebra P n by the rule 
x a > x 13 iff X a , n+1 > X^n+i iff a„ = /3 n , = /3 n _i, . . . , a m+ i = /3 m+ i and a m > f3 m for some 

to G {1, . . . ,n}. This is the, so-called, reverse lexicographic ordering on {x a } a< £jqn or N n (a > f3 
iff x a > x ). By Lemma EU (3,4) and Lemma E0j(l), if x a > x (where a, f3 G N n ) then 

(i) 9fe * x a > dk * x 13 for all k = 1, . . . , n such that a k ^ 0; and 

(ii) Xy.fc *i" > X^- * ^ for all k = 1, . . . , n - 1 and 7 G N'"" 1 such that X 1 ^ k * x a ^ 0, i.e., 
a fc + 0. 

Let /V((P„) be the set of all nonzero submodules of the u n -module P n , it is a well-ordered set 
with respect to C. By Lemma [3.101 (3). the map 

K n : [l,u n ] -^M(P„), A ^ P Ai „, (22) 

is the isomorphism of well-ordered sets. Each nonzero polynomial p G P n is the unique sum 

X a x a + A^x* 3 where A a G if* and A^ G K. 

a>/3 

The elements X a x a and A Q are called the leading term and the leading coefficient of the polynomial 
p respectively (with respect to the well-ordering >). The ordinal number 

ord(p) := ord([l, a]) 
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(where [1, a] C [1, w"]) is called the ordinal degree of p. For all nonzero polynomials p,q G P n and 
A K ' . 

(i) ord(p + q) < max{ord(p), ord(q)} provided p + q ^ 0; 

(ii) ord(Ap) = ord(p); and 

(hi) ord(w *p) < ord(p) for all u G u„ such that w*p^0. 
For each ordinal A G [l,w n ), there is the unique presentation 

A = a„w™ _1 + a„_ 1 cj™ -2 + • • • + a 2 u + at\ 

where a, G N and not all ctj are equal to zero (notice the shift by 1 of the indices in the coefficients 
ct!j). Then 

_ (©{ifx^|/?GN^ ^x^} ifai^O, 
A '™ [©{ifx^GN™,^ <x Q } ifai = 0, 

where x Q = Y["=i X T ■ Notice that a\ ^ iff A is not a limit ordinal. The vector space P\, n has 
the largest monomial iff A is not a limit ordinal, and in this case x± x a is the largest monomial 
of P\. n . The ordinal number A G [l,^ n ) is the unique sum 

A = a m u m ~ x + a m -iuj m - 2 + ■■■ +a j uj j ~ 1 , a m ^ 0, aj ^ 0, 

where e M, 1 < m < n and 1 < j < to. The positive integers a m and aj are called the 
multiplicity and the co-multiplicity of the ordinal number A. The natural numbers to — 1 and j — 1 
are called the degree and the co-degree of the ordinal number A. 

Lemma 3.13 Let A G [l,w"), i.e., A = a m cj m_1 + a m _iu; m ~ 2 + ••• + Oj-a;- 7 ' -1 wif/i a, G N, 
a m 7^ 0, ay 7^ 0, to < n and j > 1. TTien 

a m -l 

-P\,n — ^ ' X m P m -i + X m "* ^ ' iC m _i-Pm— 2 + ' ' ' 

i=0 0<i<a m _i-l 

, T am «m-i .. . r «M-i r* P, n ^ k T a "'T"'"-'...T° ,+1 r*P- 1 

-T J- TO ^ r „_i x fe+l / „ k k 1 ' i x m x m-l j+1 / , Jj ] r ]-^- 

0<i<a fc -l 0<i<a 3 -l 

In particular, P aroW m-i )Tl = Ef^ 1 ^Vi. 

Remark. If = then the corresponding summand is absent. 
Proof. Trivial. □ 

Let V be a vector space over the field if, a linear map ip : V — > V is called a Fredholm 
map/operator if it has finite dimensional kernel and cokernel, and then 

ind(<p) := dimx(ker(<p)) — dim^(coker(y)) 

is called the index of the map (p. Let F{V) be the set of all Fredholm linear maps in V. In fact, 
it is a monoid since 

ind(^V) = ind(¥>) + ind(^) for all ip, V> G J"(V^). (24) 

Let V be a vector space with a countable if -basis {a}^ and 9 be a if -linear map on V given by 
the rule dei = ej_i for alH G N where e_i := 0. For example, = if [x], := ^ and 9 = -p. The 
subalgebra of Endx (V) generated by the map 9 is a polynomial algebra if [9]. Since the map 9 is 
a locally nilpotent map the algebra End_R-(I^) contains the algebra if [[9]] = {J2iLo I Xi ^} 
of formal power series in 9. The set if [[9]]* = {^^ Xid 1 G if [[d]] | A G if*} is the group of units 
of the algebra if [[9]]. The vector space V is a if [9] -module. 

Lemma 3.14 1. End K[a] (V r ) = {ip G End K (V), ^(e;) = J2]=o X 3 e i-j = (Ej>o Aj9 J ')(ej), i G 
N | Ai G if , z G N} = if [[9]] and Aut K[a] (V) = {</? G End K (V), pfe) = £)J. =0 Vi-i> * e 
N|A ^0,A,Gif,2GN} = if[[9]]*. 
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2. In particular, all nonzero elements of End/qgj (V) are surjective Fredholm maps. 

3. Let a = Y Jl>d h& £ K[[d]] and X d ^ 0. Then d = ind(o) = dim K (ker(a)). 
Proof. Trivial. □ 

Let V be a vector space with a if-basis {ej}i g N and x be a if-linear map on V defined as 
follows xa :— e*+i for all i € N. For example, V = iT[ar], e, := a; 4 and x : if[x] — > K[x], p H> xp. 
The polynomial algebra if [a;] is a subalgebra of the algebra EndxlV). 

Lemma 3.15 End^- [^(V) = {p ; V — >• V, a i— >• pa | p £ if[x]} ~ i"T[x] (ma p i— > pj. In 

particular, all nonzero elements of End#-r x ] (V) are injective maps. 

2. Aut K[x] (V) = K*. 

3. For all p £ Evd K \ x ](V) = K[x], deg(p) = —ind(p) = dirnft-(coker(p)). 
Proof. Trivial. □ 

The next proposition describes the algebra of all the u n -homomorphisms (and its group of 
units) of the u„-module P n . Clearly, K [x n ] C P n is the inclusion of iT[<9 n ]-modules and if [[^-]] = 
End K[d n ](K[xn]) (Lemma f3. 141 (1)). The if-derivation of the polynomial algebra K[x n ] is also 
denoted by d n . 

Proposition 3.16 1. The map End Un (P n ) — > End K ^(K[x n ]) = K [[■%£-]], <P pIkIx^, * s a 
K-algebra isomorphism with the inverse map ip' ^ ip where ip(x^ ' x l n ) := Xp^ n tp'(^^-) for all 
13 £ W 1 - 1 and i £ N. 

2. The map Aut Ura (P n ) — >• Aut K[o n ](K[x n ]) = K[[-^-]]* , ip h-> yl^^], is a group isomorphism 
with the inverse map as in statement 1. 

3. Every nonzero map tp £ End Ull (P„) is a surjective map with kernel ker(<p) = (B^Zq P n -ix l n 
where d = md(ip\ K [ Xn ]) = dim^ (kcr^l^^)). 

4- For all natural numbers d > 1, (gf-) d £ End u?l (P„) and kerp n (g^-) d = ®j i Z P n -iX i n . In 
particular, (gf-) d : Pn/ ©f=o Pn-\x n — > P n is a u n -module isomorphism. 

Proof. 1. By LemmaEH End K[dn] {K[x n ]) = K Since K[x n ] = r%z£het Pn {di) and the 
maps di, . . . , d n commute, the restriction map tp <— > ip\K[x n ] is a weu defined X-algebra homomor- 
phism. For all elements (3 £ N n_1 and i G N, 

<^4) = <p{x p , n * f^) = XpMj^i)- 

Therefore, the restriction map is a monomorphism. To prove that the restriction map is a surjection 
we have to show that for a given map ip' £ End K [g n ](K[x n ]) the extension of ip' , which is defined 
as in statement 1, is a u n -homomorphism. The map ip is a ii'-linear map, so we have to check that 
fX a _i = X a i<p for alii = 1, . . . , n and a £ N I_1 . 
Case 1: i < n. For all /3 £ N™" 1 and j £ N, 

ipX a ^-xi) = ip(x a d i *x^xi) = ip(f3 i x a+ ^xi) = p i X a+0 _ ei}n ip'(^-), 

X a ,ap(x ■ 4) = ^ a di * {x P d n * ip'(^-r)) = PiX a +P- e *d n * ip'($t-) + x?d n * x a d t * ifi'(^-r) 

J + l J + 1 J + 1 

= f3 t x a +^ d n * ip'(^) + = ^X a+0 _ ei , n ip'{^-). 
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Case 2: i = n. Let f3 G N Tl_1 and j G N. Suppose that j > 1, then 

J + 1 J + 1 

= X a+ <n y'{d n * —^") = ^ a+ 13. nf'ix^). 

Suppose that j = 0, then 

^X Q ,„(^) = ^(0)=0, 

Xa^ipix 13 ) = x a d n *x p d n *Lp'{x n )=x a+0 d n *d n *(p'{x n ) 

= X a+ p tn (p'(d n * x n ) = X a+/ 9,„<//(l) = (since (p'(i) G If). 

2. Statement 2 follows from statement 1. 

3. Statement 3 follows from statement 1 and Lemma \3. 141 

4. Statement 4 follows from statement 1. □ 

Monomial subspaces of the polynomial algebra P n . Let 5* be a subset of N n , the vector 
space P n {S) := (BaesKx a is called a monomial subspace of the polynomial alegbra P n with support 
S. By definition, let P n (0) := 0. Clearly, n ie/ P n (Si) = P n (n ie iSi). 

Example. For each natural number i = 1, . . . ,n and an ordinal number A G [1, w n ), the vector 
space {p G P n | G -PA.n} is a monomial subspace of P n , hence so is their intersection 

Pin ■= {peP n \^e Px, n for i = 1, . . . , n} = ®{Kx a | a G N™, — G Px,n for i = 1, . . . , n}. 

Clearly, Px, n CPj n The next theorem describes the vector space P' x n and shows that the inclusion 
is always strict and dimif (P x n /P\ n ) < oo. 

Theorem 3.17 Let A G [l,u n ), i.e., A = a n w n_1 + a n _iuj n ~ 2 H hc^^H hOj-w- 7-1 wii/i 

«i G N, ctj 7^ and j > 1. TTien 



x iUk=i x k k ifj<i<n. 



2. 1 < dim* {P' x jPx, n ) =n-j + l<n. 

3. A is not a limit ordinal (i.e., ai ^ 0) iff dim/f (P{ n /Px,n) = n. 

4- 1 < dim^-(P( +1 n /P' x n ) = j < n— 1 and i/ie set o/ elements {xiX a + P x n \ i = 1, . . . , j} is a 
basis for the vector space P\ +1 n /P\ n - 

5. The vector spaces {P x n | A G [l,w™)} are distinct. In particular, if A < fj, then P Xn ^ P^ n - 

Proof. 1. Let R be the RHS of the equality in statement 1. Then P' x D R (use Lemma r3.13|) . 
In particular, the set P' x n \Px, n is a non-empty set. 

Case 1: A is not a limit ordinal, i.e., j = 1 (ot\ ^ 0). In this case, 

Px.n=®{Kx a \x? <X a '} 

(see (|23|)) where i" := x^x™, that is = ot\ — 1 and = a.; for i = 2, . . . , n. Let x' 3 G P{ n \P\ yU . 
Then x@ > x a and there exists a natural number i such that 1 < i < n and f3j = ctj for all j > i 
and f3i = a'i + 1. Then necessarily = for all k < i (since < x Q for all k < i) and so 



x? 



Case 2: X is a limit ordinal, i.e., j > 1 fax = 0). In this case, 

Px,n=®{Kx~<\x~< <X°} 
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(see (ESI))- Let x p <£ P A , n . Then x? G P' Xn iff §^ < x Q for all i = l,...,n (recall that 
P Xn = ®{Kx~<\x~< <x a })iS 

(i) ff- < for all i = 1, . . . , n; and 

(ii) §^ £ K*x a for aU i = 1, . . . ,n. 

The condition (i) is Case 1 for A + 1. Therefore, 



Px,n = PknnPUl,n=PLn(Px + l,n®®Kd' i ) = Pi <n n(Px,n(BKx a ®($)K6' i ) 

n n 

= p A ,„ © Kx a © P' x>n n = p a ,„ © ^ Q © p a ,„ n ^ , 



i=i 




where 



Notice that 9j = x a and ^ = 0j € P A _ for j < i < n. The condition (ii) excludes precisely the 
elements | i < j} that is (P^ ClKO^) = ®j < i< n K6' i = ® J< i< n KO l . The proof of statement 
1 is complete. 

2. Statement 2 follows from statement 1. 

3. Statement 3 follows from statement 2. 

4. The ordinal number A + 1 is not a limit ordinal. By statement 3, dim A (P A+1 n /P\+i,n) = n - 
Notice that P A: „ C P A +i, n C f( +1)n and dimA-(P A+:L: „/P A: „) = 1- By statement 1, 

dim K (P x+1 tn /P\ t n) = dim K (P x+ln / P\+i,n) + dim A '(P A +i, n/P\, n ) = n + 1. 

Finally, by statement 2, 

dim A '(P A+ i : „/-PA,n) = dim A:(- P A+i,n/- p A,n) - dim A (P An /P A ,™ ) = n + 1 - (n - j + 1) = j, 

and 1 < j = dim A (P A+1 n /P x n ) < n — 1. The elements := XiX a , i = 1, . . . , j are the elements 
9i, i = 1, . . . ,j in statement 1 but for the ordinal A + 1 rather than A. Clearly, 6[ L G P A+1 n \P A n 
for « = 1, . . . ,j. Therefore, the elements {Q[ + P x , n \i = 1, . . . , j} are if -linearly independent in 
the vector space P A+1 n /P x n as the vector spaces P A+1 „ and P' x n are monomial. These elements 
form a basis for the vector space P' x+1 n /P'\ „ smce j = dim A (P A+1 n /P' x n ). 

5. Statement 5 follows from statement 4. □ 

For example, for all positive integers i and j, P' iujn -i n = Pj W »-i, n © ^ x n an d ^,.-i + j„ = 

Piuj"- 1 +j,n © Kx{x l n © © 2 <fe<n KxkX l n . 

Example. For each natural number z = 1, . . . , n, an element a G N l_1 and an ordinal number 
A G the vector space {p G P n | £ Q Jj- G P\.n} is a monomial subspace of P„, hence so is 

the intersection 

P'in ■= iP G p « I V satisfies (ESI)} = ©{K^ | /3 G N™,^ satisfies (25])} 

where 

P-iJ^CP^ for i = l,...,n. (25) 
For all ordinal numbers A G [l,u;™), 

Pa,« C P A?l C P A „. 

The first inclusion follows from the fact that P A , n is a u„-module. If A < fJ, then P Xn C P 1 '. The 
next corollary shows that the inclusions are strict and gives a if-basis for every vector space P Xn - 



21 



Corollary 3.18 Let A e i.e., X = a m LJ m ~ x + a m _iw m ~ 2 H + ajUp' 1 roii/i a* £ N, 

CKrn 7^ 0, ay 7^ 0, m < n and j > 1. TTien 

J - P a,„ = p A,„ © = P A+1 ,„ w/iere z Q = UZ 3 ■ 

2. The vector spaces {P\ n \ X G [l,£j n )} are distinct. In particular, if X < [i then P" „ § P'ln- 

3. d\m K {P'lJP x>n ) = 1. 
* dim^Pj^/P^J = 1. 

Proof. 1. Statement 1 follows at once from Lemma [3.131 the inclusions P\, n Q P\ n Q P\ n 
and Theorem 13. 171 

2-4. Statements 2-4 follow from statement 1. □ 

4 The Lie algebras u n are locally finite dimensional and lo- 
cally nilpotent 

The aim of this section is to prove the statement in the title of this section fTheorem l4.2p . The key 
ideas are to use the fact that the algebra u„ is uniserial, induction on the ordinals A £ [1, ord(f2„)] 
and Theorem 14.11 that gives sufficient conditions for a Lie algebra to be a nilpotent Lie algebra. 

Theorem 4.1 Let J be an ideal of a Lie algebra Q such that the Lie factor algebra Q :— Q j J is 
a finite dimensional nilpotent Lie algebra, J is a nilpotent Lie algebra and every element a E Q 
acts nilpotently on J (that is, (ad a) n (J) = for some natural number n — n{a)). Then Q is a 
nilpotent Lie algebra. 

Proof. We use induction on d = dimA'(S)- The case d = 0, i.e., Q = J, is obvious. 

Let d = 1. This is the most important case as we will reduce the general case to this one. Then 
G = Ka®J where a € G\J. Let 5 := ad(a) e lnn(0) and d := ad(J) := {ad(j) : G -> Q \ j e J}. 
The Lie algebra J is nilpotent, that is 

d n (J) =ad(J)---ad(J)(J) =0 

v ' 

n times 

for some natural number n > 1. For all elements b G J, 

[(5,ad(6)] = [ad(o),ad(6)] = ad([a,6]) e d, 

hence dS C Sd + d. By the assumption, the map 5 acts nilpotently on the ideal J. So, enlarging 
(if necessary) the number n we can assume that 5 n (J) = 0. To prove that Q is a nilpotent Lie 
algebra we have to show that (KS + d) m+1 {Q) = for some natural number m (Q — Ka © J 
implies that ad(Q) = KS + d). It suffices to show that 

(K5 + d) m (J) = 

for some natural number m since (KS + d)(Q) C [Q, Q] = [Ka + J, Ka + J] C J. We claim that it 
suffices to take m = n(n + 1). Let m = n(n + 1). Then 

m 

{KS + d) m C w s 

s=Q 

where W s is the set of finite linear combinations of the elements w s where uu s is a word of length m 
in the alphabet {<5, d} that contains precisely s elements d and m — s elements 5 in its product. It is 
sufficient to show that w s (J) = for all s = 0, 1, ... , m. Notice that S(J) C J and Sd l (J) C <9 l ( J) 
for all i > 1. For all s such that n < s < m, w s (J) C 9 S ( J) = since s > n and d n (J) — 0. For all s 
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such that < s < n, the word w s has the form S ni d5 n2 d ■ ■ ■ 5 nB dS ns+1 where ni+- • -+n s +i = m—s. 
At least one of the numbers n, is > n since otherwise we have 

n 2 = m — n < m — s = n\ + • • • + n s+ i < (s + l)(n — 1) < n(n — 1), 

a contradiction. Then 5 n *S • • • S^dS™^ 1 (J) C S ni (J) = since n t > n and <5"(J) = 0. Therefore, 
w s (J)=0. _ _ _ 

Let d > 1. The Lie algebra 5 is a nilpotent Lie algebra. Fix an ideal, say J7", of Q such that 
dimA'^/^T) = 1. Let n : Q ^ Q, g ~g := g + J, the canonical Lie algebra epimorphism. The 
ideal J := 7r _1 ( l /) of the Lie algebra Q has codimension 1 (dimK{G/J) = diniA'(£ /J) = 1) 
and J is an ideal of the Lie algebra J . The pair (J , J) satisfies the condition of the theorem 
and dimA-(jyj) = dimA-(<7) — 1 < d. By induction on d, J is a nilpotent Lie algebra. Now, 
the pair {Q,J) is as in the case d — 1 considered above. Indeed, dimA-(5/J r ) = 1, and the 
element a G Q\J in the decomposition Q = Ka © J acts nilpotently on J since is a finite 
dimensional nilpotent Lie algebra. In more detail, let S := ad(a). Then 6 s (Q) C J for some s since 
Q is a finite dimensional nilpotent Lie algebra; = for some t, by the assumption. Hence, 

S s+t {J) C <5 s+t (£) C (5* (J) = 0. Therefore, Q is a nilpotent Lie algebra. □ 

Theorem 4.2 The Lie algebras u„ are locally finite dimensional and locally nilpotent Lie algebras. 

Proof. We have to show that the Lie subalgebra Q of u„ generated by a finite set of elements, 
say ai,...,a„, of u„ is a finite dimensional, nilpotent Lie algebra. The case v = 1 is trivial. 
Without loss of generality we may assume that v > 2, the elements are i^-linearly independent 
and 

ord(ai) < ord(a 2 ) < • • • < ord(a l/ ). 

We use induction on the ordinal number A :— ord(a„) £ [1, ard(f2 n )]. By the very definition, 
A is not a limit ordinal. The initial case A = 1 is obvious as Q = Ii = Kd n . So, let A be a 
non- limit ordinal such that A > 1, we assume that the result holds for all non-limit ordinals A' 
such that A' < A. Then A" := ord(a,,_i) is a non-limit ordinal such that ord(ai) < A" < A for 
all i = 1, . . . , v — 1. By induction, the Lie subalgebra, say V, of u„ generated by the elements 
Oi,...,fflj/_i is a finite dimensional, nilpotent Lie algebra. The inner derivation 6 := ad(a„) of 
the Lie algebra u„ is a locally nilpotent derivation (Theorem 12.11 (5)) and diniff(T^) < oo, hence 

S S+1 (V) — for some natural number s. The vector space U := V + 5(V) H h S S (V) is a finite 

dimensional, S- invariant subspace of the ideal L\n (see (HSJ). By induction, the Lie subalgebra, 
say J, of u„ generated by U is a finite dimensional, nilpotent Lie algebra. Then (5* (J) = for 
some natural number t > 1. Clearly, 5(J) C J since 5(U) C U and S is a derivation. We see that 
Q = Ka v + J = Ka v © J (clearly, Q 3 Ka u + J; on the other hand, Ka v + J is a Lie subalgebra 
of u n that contains the elements ai,...,a„, and so 5 C -ft'a^ + J). Claim: TTie pair (G,J) 
satisfies the assumptions of Theorem \4 ■ 1\ hence Q is a nilpotent Lie algebra (by Theorem 14. 1|) ) . 
and dimA"(£) = 1 + dimA-(J) < oo. To prove the claim it suffices to show that (6 + d) m (J) = 
for all m 3> where d = ad(J). Fix a number n such that S n (J) = and d n (J) = 0. By a similar 
reason as in the proof of Theorem 14. II it suffices to take m = n(n + 1): 

{S + d) m {J) <zJ2 J2 5 ni d5 n2 d---S n »d5 n » +1 (J) =0. □ 

s—0 niH — n s +i= tti— s 

5 The isomorphism problem for the factor algebras of the 
Lie algebras u n 

We know already that the Lie algebras u„ and u m are not isomorphic for n ^ m. The aim of this 
section is to answer the question (Theorem 15 . 1 1 and Corollarv l5.2[) : Let L and J be ideals of the Lie 
algebras u n and u m respectively. When the Lie algebras u n /I and u m /J are isomorphic? First, 
we consider the case when n = m (Theorem 15. ip and then the general case (Corollarv l5.2p will be 
deduced from the this one. Let uj° := 1. 
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Theorem 5.1 1. Let I be an ideal of the Lie algebra u„, that is I = I\ for some A G 
[1, ord(r2„)] U {0} (Theorem \3.3\l where Iq :— {0}. Then the Lie algebras u„ and U n /I\ 
are isomorphic iff A = iui n ~ 2 where z G N. 

2. Let L and J be ideals of the Lie algebra u n , that is I = I\ and J = 1^ for some elements 
A,/i G [1, ord(Q n )] U {0} (Theorem \3.3\ fl)). Then the Lie algebras u n /I\ and u/L^ are 
isomorphic iff 

(a) A = iuj n ~ 2 + v and fi = juj n ~ 2 + v where i,j G N and v G [1, Lu n ~ 2 ) U {0}; or 

(b) A = oj 71 - 1 + uj n - 2 H \-lu s + iui s - 2 + v and /i = a;" -1 + u;"~ 2 H \- uj s + juj 3 ^ 2 + v 

where 2 < s < n — 1; i, j G N and v G [1,oj s ~ 2 ) U {0}; or 

(c) A = // = a;™ -1 + w™~ 2 H h uj + e where e = 0,1. 

For natural numbers n and m such that 2 < n < m, there is a natural Lie algebra isomorphism 

u„ ~ Um/I Umn , X a>i ^ X a>i + I Vmn , where X a<i G B n , v mn := w" 1 " 1 + w m ~ 2 H h w". (26) 

In more detail, J„ m „ = u m , n+ i = ©j^+i-Pj-idj- 

Corollary 5.2 Lef n and m be natural numbers such that 2 < n < m, I and J be ideals of the 
Lie algebras u n and u m respectively. Then the Lie algebras u n /I and u m / J are isomorphic iff 

(I, J) G {{I X J^)\\ = lLO n - 2 + V ,^ = LU m - 1 +LU m - 2 +---+U n +JU n - 2 +U 

where v G [l,u) n ~ 2 ) U {0} and i, j G N} 



CO" 1 - 1 +L0" 1 - 2 



U IJ {(h, I M ) I A = u n - x + u n - 2 + ---+lo s + ilu s - 2 + V, /i 

s=2 

+jw s ~ 2 + v where v G [1, u s ~ 2 ) U {0} and i,j G N} 
U {(/a, J„) I A = w"- 1 + w"- 2 + • • • + u + £, n = u m ~ l + u m - 2 + ■ ■ ■ + lu + e 
where e = 0, 1}. 

The Lie algebra epimorphism /„ : u„ — > u„ with nonzero kernel. Recall that u„ = 
Un-i © P n -id n where u„-i is a Lie subalgebra of u ra and P n -id n is an abelian ideal of the Lie 
algebra u„. Earlier, we introduced the i-T-basis B n = {X a: i} for the Lie algebra u„ (see ((IJ). Let 
us define the i^-linear map f n : u„ —> u n , by one of the two equivalent ways: 

r,un:=r if ^u^, fn(Xai):= l x ^ itaeW-\i^n, 

i{uePn-id n) I a„_iX Q _e„_ ljTl lfaeN" L ,i = n. 




Lemma 5.3 For every natural number i > 1, the K-lineal map f^ : u n — > u n is a Lie algebra 
epimorphism and ker(/*) = Y,%o P n-2X J n _id n = 4^-2. 

Proof. By the very definition of the map f n , 

i-l 

ker (/,l) = kerp n _ 1 a„(ad(a„_i) i ) = ^F„_ 2 a;f l _ 1 5 Il = I iu n-2. 

To finish the proof of the lemma it suffices to show that the X-linear map /„ is a Lie algebra 
homomorphism, that is f n ([u, v]) — [f n {u), f n (v)] for all elements u and v of the basis B n of the Lie 
algebra u„ (see ([T])). Since u„ = u„_i0P„_i9„, we have B n = B n -iU{X atn } ae ^„-i. The equality 
above is obvious if either u,v G B n ^i (since f n (a) = a for all a G u„_i) or u,v G {X a ^} aeH „-i 
(since f n (Pn-i9 n ) C P„_i9„ and [P n _i9„, P n _i9„] = 0). In the remaining case where u G B n -\ 
and i! = X a:1l for some a G N™ _1 , the equality follows from the following three facts: d n -\ 
is a central element of the Lie algebra Un-i (Proposition I2.1l f6)). f n {Pn-id n ) Q P n -idn and 
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/ ra |p„_ 1 a„ = ad(9„_i). Indeed, applying the inner derivation 8 := ad(9„_i) of the Lie algebra u„ 
to the equality [it, X a , n ] — w (where w G P n -id n ) we obtain the required equality: 

f n (w) = S([u,X a . n }) = [5(u),X a , n ] + [u,6(X a<n )] = [0,X a<n ] + [/„(«), f n (X a>n )] 

= [fn(u),fn(X a .n)}. □ 

Corollary 5.4 Let n > 3. The ideal P n -\d n is the least ideal I of the Lie algebra u n such that 
the Lie factor algebra u n /L is isomorphic to the Lie algebra u n —i. 

Proof. It is obvious that u n /P n _i<9„ ~ U n _i and P n -id n — I u n-i. Suppose that / ^ P n -i9 n , 
we seek a contradiction. Then I = I\ for some A < Lu n ^ 1 . Fix a natural number i > 1 such that 
A < iu) n ~' 2 . Then I\ C I iu] n~2. There is a natural epimorphism of Lie algebras u n /L —> u n /L iLU n-2, 
and so u.dim(u n //j W n-2) < u.dim(u„/I) = u.dim(u„_i). By Lemma [5731 u n /I iu n-2 ~ u n , hence 

u.dim(u„_i) > u.dim(u n // ttjre -2) = u.dim(u„) > u.dim(u n _i), 

a contradiction. □ 

Proof of Theorem 15.11 1. (<=) By Lemma [5.31 for every natural number i > 1, the map 
/* : u„ — > u„ is a Lie algebra epimorphism with kernel I^n-2. Therefore, u„ ~ u n /I iuJ n-2. 
(=>) This implication follows from statement 2. 

2. To prove statement 2 we use induction on n > 2. The initial step n = 2 is a direct 
consequence of Lemma l5~3l and the classification of the ideals of the Lie algebra U2. By Theorem 
13.31 (1). the proper ideals of the Lie algebra U2 are I n (n > 1) and I u = P\d-2- By Lemma [5731 
Ua/In — U2 for all rt > 1; dim^ (112//^) = dim^r(if9i) = 1 < dim^ (112) = 00; and statement 2 
follows. 

Let n > 2 and we assume that the result holds for all n! < n. Recall that u n _i ~ Un/4»-i, 
Iuj™- 1 = Pn-idn and u.dim(u„_i) < u.dim(u„). The Lie algebra u„ is a uniserial Artinian Lie 
algebra, hence so is each of its Lie factor algebras. So, if u n /L\ ~ u n /I^ then u.dim(u„//A) = 
u.dim(u„/7 M ). 

Step 1: u.dim(u„/7\) = u.dim(u n ) for all A < a;" -1 . 

Indeed, A < a;"" 1 implies A < iu: n ~ 2 for some i > 1. Then u n ~ u n /L iujn ~2 (Lemma l5.3[) . and 

so 

u.dim(u„) > u.dim(u„//A) > u.dim(u„// iw n-2) = u.dim(u„), 

hence u.dim(u„) = u.dim(u„//A)- 

Suppose that u n /I\ ~ Un/Ip for some A and [i. 

Step 2: It is sufficient to consider the case when A,/i < ui n . 

If A, fx > then statement 2 follows by induction on n as J w »-i C /a, i^n-i C and 

u n /7 w »-i ~ U n _i. Without loss of generality we may assume that A < /i. The case when 
A < w n_1 < fi is not possible, by Step 1, since 

u.dim(u„//A) = u.dim(u„) > u.dim(u„_i) = u.dim(u n /4,r.-i ) > u.dim(u„// M ) = u.dim(u„//A), 

a contradiction. This finishes the proof of Step 2. 

Step 3: In view of Lemma \5.3\ we may assume that A,/i < cu n ~ 2 . 

The idea of the proof of the theorem is, for each Lie factor algebra u n /I\ where A < a/ 1 " 2 , 
to introduce an isomorphism invariant that is distinct for all ordinal numbers A < a;™ -2 . The 
invariant is the uniserial dimension of certain ideals of the Lie algebra u n /I\. For each ordinal 
number v € [1, u.dim(u„/7A)]> let I' v be the unique ideal of the uniserial Artinian Lie algebra u n /I\ 
with uniserial dimension v. Every ideal of uniserial Artinian Lie algebra is characteristic ideal. 
This is the crucial fact in the arguments below. Clearly, 

l' u n-2 = / u »-j = P n -2d n mod I x , 
l' u n-i +ujn -2 = 7 w »-i +a ,»-2 = P n _ 2 9 n _i +P„_i5„ mod/ A - 
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Let a := /',„_! , ,„_ 2 and 6* := :r„_i9 n + I\ G Un/I\. Notice that I' n _ 2 , , = © P,„- 2 . For an 

UJ ~\-UJ ■ i (jj -j-j_ CtJ 

element u G u n /I\, let Cen a (u) := {a G a [a, v] = 0}. 

Step 4 : For all a G AutK(u n /I\) and u G S := I' un _ 2+1 \I' un _ 2 , Cen„(cr(u)) = Cen (#) = 

The second equality follows from two facts : [x n -id n , = [a; n _i9„, P n _i9 n ] = and, for 

all a G N"~ 2 , [x Q 9„_i, x„_i9„] = x a d n . 

The first equality follows from the facts that <j(u) = £8 + v + I\ for some elements £ G X*, 
v G P n -2d n and 

[u, J w »-i +a ,n- 3 ] C [P n _ 2 d„, P n - 2 d n -i +P n -id n ] = 0. 

Alternatively, using the equality Cen a (6') = P „-i +A and the fact that I' u n-i < A and a are charac- 
teristic ideals of the Lie algebra u n /I\ we see that 

4„_ I+A = «t(C_ 1+a ) = a(Cen B (0)) = Cen CT(a) = Cen a (a(0)). 

Since cr(o) = a and o"(S) = 5 for all automorphisms a G Autx (u„// A ), Step 4 means that the 
ordinal number 

+ A = u.dim(/„„_i +A ) = u.dim(Cen a (o-(w))) 

is an isomorphism invariant for the algebra u n /I\ (where u.dim(/ w n-i +A ) is the uniserial di- 
mensions of the u n -module I u} n-i + x)- 11 U »i/P — U n /I[i for some ordinals A,/i < oj n ~ 2 then 
a;™" 1 + A = cj"- 1 + /i, hence A = /i. □ 

Corollary 5.5 Let I\ be an ideal of the Lie algebra u„ where A G [l,ord(O n )]U{0} where Iq := 0. 
TTien 

L u.dim(u„/P A ) = u.dim(u„) /or a// A G [l,w n_1 ) U {0}, 

2. u.dim(u„// A ) = u.dim(u s ) /or a/Z A G [u) 71 ' 1 + a;"- 2 + • • • + uj s , uj 71 - 1 + uj n - 2 + ■■■+ a; 5 " 1 ) 
and s such that 2 < s < n — 1. 

5. u.dim(u„/p) = 1 - e for all \ = + w" -2 H hw + e w/iere e = 0, 1. 

Proof. 1. Statement 1 is Step 1 in the proof of Theorem 15. II 

2. Statement 2 follows from statement 1 and (|26l) . 

3. Trivial. □ 

Proof of Corollary 15.21 Notice that the uniserial dimensions u.dim(ui), i > 2, are distinct, 
and if u n /I\ — u m // M then u.dim(Un/P0 = u.dim(u m // Al ). The Lie algebra isomorphism u n ~ 
Um/Iu mn (see (|26p ) induces the bijection from the set J(u n ) of all the nonzero ideals of the Lie 
algebra u n to the set J(u m , L Vmn ) of all the ideals of the Lie algebra u m that properly contain the 
ideal I„ mn : 

J(Un)^J(Um,I» m J, h^Iu m „+X- (28) 

Now, the corollary follows from Theorem 15. 11 Corollary 15.51 and (|28p. □ 

6 The Lie algebra Uoo 

In this section, the Lie algebra u,^ is studied in detail. Many properties of the Lie algebra Uqo are 
similar to those of the Lie algebras u„ (n > 2) but there are several differences. For example, the 
Lie algebra Uoo is not solvable, not Artinian but almost Artinian, u.dim(uoo) = l>j u . A classification 
of all the ideals of the Lie algebra is obtained (Theorem 16.21) , all of them are characteristic 
ideals (Corollary I6.4l f2)). An isomorphism criterion is given for the Lie factor algebras of Uoo 
fCorollary |6.3[) . 

Let Poo := U n >iP, i = K[x\, X2, •■•,], the polynomial algebra in countably many variables, and 
Aoo := L) n >iA n = K(x 1 ,X2, ...,61,82,.. .), the infinite Weyl algebra. The Lie algebra Uoo is a 
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Lie subalgebra of the Lie algebra (^4oo, [*j *])• The polynomial algebra P^ is an ^loo-module. In 
particular, the polynomial algebra is a Uoo-module. The Lie algebra 

V>oo := Pi — l^i 
i>l 

is the direct sum of abelian (infinite dimensional for i > 2) Lie subalgebras Pj_i9j. For each 
natural number i > 1, 

Uoo,i : ~ ®j>iPj—l®j 

is an ideal of the Lie algebra Uoo, by ([3]). Clearly, Uj,, C Uj+i,t C • • • C Uoo,, = U„>iU n! i for all 
i > 2. There is the strictly descending chain of ideals of the Lie algebra Uoo, 

Uoo,l = Uoo D Uoo, 2 D ■■■ D Uoo.n D-0(] UxM = (29) 

i>l 

and Uoc/Uoo,n+i ~ u n for all n > 2. 

Proposition 6.1 1. The Lie algebra Uoo is not a solvable Lie algebra. 

2. The Lie algebra Uoo is a locally nilpotent and locally finite dimensional Lie algebra. 

3. Each element u G Uoo acts locally nilpotently on the Uoo-module Poo- 

4- The chain of nonzero ideals in \29\) is the derived series for the Lie algebra u^, that is 
(Uoo)(i) = Uoo,i+i for all i > 0. 

5. The upper central series for the Lie algebra Uoo stabilizers at the first step, that is (Uoo)' -* = 
Uoo and (Uoo)W = Uoo, 2 for all i > 1. 

6. All the inner derivations of the Lie algebra Uoo are locally nilpotent derivations. 

7. The centre .Z(Uoo) of the Lie algebra Uqo is 0. In particular, c.dim(uoo) = 0. 

8. The Lie algebras Uoo and u„ where n > 2 are not isomorphic. 

9. The Lie algebra Uoo contains a copy of every nilpotent finite dimensional Lie algebra. 

10. Let u G Uoo- Then the inner derivation ad(u) is a nilpotent derivation of the Lie algebra Uoo 
iffa = 0. 

Proof. 1. Statement 1 follows from statement 4. 

2. Statement 2 follows from Theorem 14.21 and the fact that Uoo = U ra >2U n . 

3. Statement 3 follows from Proposition 12. II (4) and the facts that P^ — U„>iP n and Uoo = 

U„>2U n . 

4. 5. Statements 4 and 5 follow from © and the decomposition Uoo = ©»>i.P»-i£?i. 

6. Statement 6 follows from Proposition I2.1l f5) and the facts that Uoo = U rl >2U n and U2 C 
u 3 C • • • . 

7. If z E Z(uoo) then z 6 u ra for some n and so z 6 Z(u n ) — Kd n (Proposition 12. II (6) ) . Since 
[d n ,x n d n +i] = <9„+i, we must have z = 0. 

8. The Lie algebra u n is solvable (Proposition ^ . 11 (1)) but the Lie algebra Uoo is not (statement 
1). Therefore, Uoo 9^ u„ for all n > 2. By Proposition 12. 11 (7). the Lie algebras u„, n > 2, are 
pairwise non-isomorphic. 

9. Any nilpotent finite dimensional Lie algebra is a subalgebra of the Lie algebra XJT n (K) for 
some n > 2. Now, the result follows from the inclusions XJT n (K) Cu„C Uoo- 

10. It suffices to show that if a ^ then the derivation 8 is not nilpotent. Suppose this 
is not the case for some a, we seek a contradiction. We can write the element a as the sum 
Pndn + Pn+idn+i + ••* where pi G Pj-i for all i > n and p n 7^ 0. In view of the Lie algebra 
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isomorphism Uqo/Uoo^+2 — U n +i, the induced inner derivation 5' — a,d(p n d n + p n+ id n +i) by S is 
a nilpotent derivation of the Lie algebra u n +i- By Lemma 1 2. 2 [ p n — 0, a contradiction. □ 

The next theorem gives a list of all the ideals of the Lie algebra Uoo . 

Theorem 6.2 The set j7"( u co) of all the nonzero ideals of the Lie algebra Uoo is equal to the 
set {Uoo, Uoo^, I\ >n :— I\{n) + Uoo,n+i | n > 2, A G [l,u> n ~~ )} where I\(n) is the ideal I\ of the 
Lie algebra u„ as defined in L?5j) . that is I\{n) = ®( a ,n)<\KX a . n . Ln particular, every nonzero 
ideal I of the Lie algebra Uoo contains an ideal Uoo,n'+i for some n' > 2, and, for I = I\. n , 
n = min{n' > 2 | Uoo,n'+i C /}. 

Proof. Let / be a nonzero ideal of the Lie algebra Uoo and a be a nonzero element of /. Then 

a = aidi + a i+ idi + i H h a m d m = a t di H 

for some elements I > 1, di € Pj-i and ai ^ 0. Let d be the (total) degree of the polynomial a; = 

SaeN'- 1 ^aX a G P/-i where A Q G K. Fix a — (a;) G N' _1 such that |a| := a± H + = d. 

Applying ad(9) a :— Yii=i ad((9i) ai to the element a yields the element of the ideal / of the type 
a\X a di + • • ■ . So, without loss of generality we may assume from the very beginning that ai = 1, 
that is a — di + ai + \di+\ + • • • + a rn d m . Then 

/ 3 [a, xid m+ i] = [di,xid m+ i] = d m +i- 

Hence, for all s > m + 1, I 2 [d m +i, P s -id s ] — [d m +i, P s -i]d s = P s -\d s . This means that 
Uoo,m+2 C I. Consider the Lie algebra epimorphism (where n = min{n' > 2 | Uoo^n'+i C /}) 

7T„ : Uoo -> Uoo/Uoo,n+1 — U„, U U '.= U + Uoo,n+1 ■ (30) 

The image ir n (I) of the ideal / is an ideal of the algebra u n such that ir n {L) C u n , n = Pn-id n , by the 
very definition of the number n. Without loss of generality we may assume that / ^ Uoo, Uoo,2, • • • 
Then / = L\ n for some A G [l,w™ _1 ), by Theorem 13.31 fl). It follows from the two obvious facts: 

(i) I\,n Ifj.,m iff either n < m or, otherwise, n = m and A > fi; 

(ii) Uoo^-i D I x , n Uoo )n for all n > 2; 

that the Lie algebra Uoo is a uniserial Lie algebra (that is, for any two distinct ideals / and J 
of Uoo either / C J or / D J). So, the chain 

Uoo = Uoo.l D ■■ ■ D I\.2 D ■ ■ ■ D Ilfi D Uoo, 2 D • • ■ D Uoo,n D • • • D L^, n D ■ ■ ■ D Li^ n D Uoo.n+1 3 • • • 

(31) 

contains all the nonzero ideals of the Lie algebra Uoo- □ 

In combination with Theorem 15.11 and Corollary 15. 2\ the next corollary gives an isomorphism 
criterion for the Lie factor algebras of the Lie algebra Uoo ■ 

Corollary 6.3 1. Let L be an ideal of the Lie algebra Uoo- Then Uoo/L ~ Uoo iff I = 0. 

2. Let L and J be nonzero ideals of the Lie algebra Uoo arid n = min{n' > 2 | Uoo,n'+i C 
^,Uoo,n'+i t J} (n < oo, see Theorem ] 6. 2]) . Then Uoo/I — Uoo/J iffUn/I' — u n /J' where 

I '■= I /Uoo,n+l, J' '■— J/Uoo,n+1 Q U n = Uoo/Uoo,n+l- 

In contrast to the Lie algebras u„, n > 2, no proper Lie factor algebras of Uoo is isomorphic to Uoo- 
A Lie algebra Q is called an almost Artinian Lie algebra if all the proper factor algebras are 
Artinian Lie algebras (i.e., for every nonzero ideal / of the Lie algebra Q, the factor algebra Q/L 
is an Artinian Lie algebra). 

Corollary 6.4 1. The Lie algebra Uoo is a uniserial, neither Artinian nor Noetherian, almost 
Artinian Lie algebra, and its uniserial dimension is equal to u.dim(uoo) = 

2. All the ideals of the Lie algebra Uoo are characteristic ideals. 
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Proof. 1. We have just seen that the Lie algebra Uoo is uniserial (see (IB"!"]) 1 ). By Theorem l6.21 the 
Lie algebra Uoo is neither Artinian nor Noetherian but it is an almost Artinian Lie algebra (since 
all the Lie algebras u n are Artinian, Theorem 13.31 (2)). By Theorem 16.21 every nonzero ideal of 
the Lie algebra Uoo contains the ideal Uoo,n+i for some n, and the factor algebra Uoo/Uoo,n+i — u„ 
is a uniserial Artinian Lie algebra, hence 

u.dim(uoo) = max{u.dim(u 00 /u 00 ,„+i) = u.dim(u„) = u/ 1-1 + ui n ~ 2 + -- -+ cj + l|n>2} = cj w , 
by Theorem E31 (2). 

2. The ideals Uoo.n, n > 1 are characteristic ideals as they form the derived series of the Lie 
algebra Uoo (Proposition 16.1 1 (4)). By Theorem 16.21 it remains to show that every ideal I\^ n is a 
characteristic ideal. Let a be an automorphism of the Lie algebra Uoo. Since cr(uoo,ri+i) = Uoo,n+ij 
the automorphism a induces the automorphism a n of the Lie factor algebra Uoo/Uoo,n+i ~ u„. 
Then o- n (n n (I\ :n )) = ^n(I\), by Corollary 13. 7) where 7r„ is as in ([30]) . Therefore, a(I\_ n ) = I\ >n , 
as required. □ 

Let Uoo '■= U(Uoo) be the universal enveloping algebra of the Lie algebra Uoo. The chain of 
Lie algebras 112 C 113 C • ■ ■ C = U„>2U n gives the chain of the universal enveloping algebras 
U 2 C U 3 C • • ■ C C/oo = u n > 2 C/„. 

Corollary 6.5 1. The inner derivations {ad(u) \ u E Uoo} of the universal enveloping algebra 
Uoo of the Lie algebra Uoo are locally nilpotent derivations. 

2. Every multiplicative subset S of Uoo which is generated by an arbitrary set of elements of 
Uoo is a (left and right) Ore set in Uoo- Therefore, S~ l Uoo — UqoS . 

Proof. Both statements follow at once from Corollary 12.31 and the fact that Uoo — U„>2t/„. □ 



7 The Lie algebra 

In this section, the completion Uoo of the Lie algebra Uoo with respect to the ideal topology on 
Uoo is studied. Its properties diverge further from those of the Lie algebras u„ (n > 2) and u m . 
For example, none of the nonzero inner derivations of the Lie algebra Uoo is a locally nilpotent 
derivation; the Lie algebra Uoo is neither locally nilpotent nor locally finite dimensional. The main 
result of this section is a classification of all the closed and open ideals of the topological Lie 
algebra Uoo (Theorem 17.21 (1)). As a result, we proved that all the open and all the closed ideals 
of the topological Lie algebra Uoo are topologically characteristic ideals (Corollary 17.31 (3)). 

The Lie algebra Uoo is a topological Lie algebra where the topology is the ideal topology on Uoo, 
that is, the set {u + 1 1 u E u^o, I E J'(uoo)} is the basis of the ideal topology on Uoo where J^Uoo) 
is the set of nonzero ideals of the Lie algebra Uoo • Recall that the topological Lie algebra means 
that the maps K x Uoo — > Uoo, (A, v) M> Xv, Uoo X u^ — > Uoo, (u, v) \-> u — v, and Uoo x Uoo —> Uoo, 
(u, v) M> [u, v], are continuous maps where the topologies on K x Uoo and Uoo x Uoo are the product 
topologies and the topology on K is the discrete topology. By Theorem I6.2( every nonzero ideal 
of the Lie algebra u^ contains the ideal u^n for some n > 1. So, in the definition of the topology 
on Uoo instead of all the nonzero ideals we can take the ideals {Uoo,n}n>l- 

The completion Uoo of the topological space Uoo is a topological Lie algebra 

Uoo = {^a^ I a,i E Pi-\,i > 1} 
i>i 

where X)«>i a i^i i s an infinite sum which is uniquely determined by its coefficients a;. The inclusion 
Uoo Q Uoo is an inclusion of topological Lie algebras, and the topology on Uoo is (by definition) the 
strongest topology on Uoo such that the map Uoo —t Uoo, a 1— > a, is continuous. 
There is the strictly descending chain of ideals of the Lie algebra Uoo , 

Uoo,l — Uoo 3 Uoo, 2 D ■■ ■ D Uoo.n := aA E Uoo} 3 ' ' O Q Uoo,i = (32) 

i>n i>l 
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and Uoo/Uoo,n+i — Uoo/Uoo.n+i — u n+ i/P n d n+ i ~ u„ for all n > 2. The Lie algebra Uoo can also 
be seen as the projective limit of the projective system of Lie algebra epimorphisms 

u n+ i u„ ► u 3 u 2 -4- 

where the epimorphism u n +i — > u n is the composition of the natural epimorphism u n +i — > 
u n +i/P n d n +i and the isomorphism u n +i/P n 9„+i ~ u n . Each closed ideal Uoo,n of the Lie al- 
gebra Uqo is the completion/closure of the ideal Uoo.n of the Lie algebra Uoo. For each element 
a £ Uoo, the set {a + Uoo,n}n>i is the basis of all the open neighbourhoods of the element a. These 
sets a + Uoo,n, n > 1, are open and closed sets in Uoo. 

The polynomial algebra = U„>iP„ = .ff[xi,X2, . ..,] is a left Uoo-module: for any p G P n 
and a = J2i>i a $i e "°o, a ■ p = Yh=i a idi{p)- 

Proposition 7.1 1. The Lie algebra Uoo ?s no£ a solvable Lie algebra. 

2. The Lie algebra Uoo is not a locally nilpotent and not a locally finite dimensional Lie algebra. 

3. Each element u G Uoo acts locally nilpotently on the Uoa-module Poo. 

4- The chain of nonzero ideals in iS2\) is the derived series for the Lie algebra Uoo, that is 
(Uoo)(i) = Uoo,i+i for all i > 0. 

5. The upper central series for the Lie algebra Uoo stabilizers at the first step, that is (Uoo)^ = 
Uqo and (Ucxj) — Uoo, 2 for all i > 1. 

6. All the nonzero inner derivations of the Lie algebra Uoo ore not locally nilpotent derivations. 

7. Ceng^ (<9i , c?2 , •• •) = {J2i>i ^ Uoo | K S K} is a maximal abelian Lie subalgebra o/Uoo- 

8. The centre Z(uoo) of the Lie algebra Uoo is 0. 

9. The Lie algebras u n where n > 2, Uoo and Uoo and are not pairwise isomorphic. 

Proof. 1. Statement 1 follows from statement 4. 

2. Let a = Then 

h := (ad<9i) ,; (a) = V , Xl \, d n ^ for all i > 1. 

So, the elements &i,&2,--- are X-linearly independent. Therefore, the Lie subalgebra £ of Uoo 
generated by the elements d\ and a are neither nilpotent nor finite dimensional. 

3. Statement 3 follows from Proposition 16. II (3). 

4. Let Si :— ad(<9i) for i > 1. Statement 4 follows from the following obvious facts: di G Uoo.i 
and [c?i, Uoo,*] = Uoo.j+i for alH > 1. These immediately imply that (Uoo)(j) 2 Uoo,*+i- The reverse 
inclusion follows from Proposition 16. II (4) and the fact that Uoo/uoo,i+i — u„. 

5. Statement 5 follows from the facts that [9i,Uoo] = Uoo,2 and [9i,Uoo,2] = Uoo,2- The first 
equality yields the equality [Uoo, Uoo] = Uoo,2 and the second does the equalities (Uoo)^ = Uoo,2 for 
i > 1. 

7. C := Cen^ ao (d 1 ,d 2 ,...) = {J2i>i a i d i e Uoo | a% G K, a* G nj~ikerp 4 _ 1 (a 7 -) = K for all 
i > 2}. Since the centralizer C = Cenjj^ (C) is an abelian Lie subalgebra of Uoo, it is automatically 
a maximal abelian subalgebra of Uoo- 

8. Let z — Yli>i be a central element of the Lie algebra Uoo- By statement 7, G K for 
all i > 1. For all i > 1, Xid i+ i — [z, Xid i+ i] — 0, i.e., 2 = 0. 

9. We know already that the Lie algebras u„ where n > 2 and Uoo are not pairwise isomorphic 
(Proposition inHJ (8)). The Lie algebras u„ are solvable (Proposition 12.11 (1)) but the Lie algebra 
Uqo is not (statement 1), hence Uoo 9^ u„ for all n > 2. The Lie algebra Uoo is locally nilpotent 
(Proposition 16. II (2)) but the Lie algebra Uoo is not (statement 2), hence Uoo 9^ Uoo- 
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6. Since the centre of the Lie algebra Uoo is (statement 8) we have to show that if a is a 
nonzero element of then the inner derivation 5 = ad(a) is not a locally nilpotent map. Write 
a = J2i£iPi@i = Pndn + •■• where pi G Pi-i, I — {i > 1 1 Pi ^ 0} ^ and n is the minimal 
number in /. Let b = J2 m >o ^\9 n+m . Then 

T m—i 

S l (b) = P iJ2 T^-s-^n+ra * 0, % > 1. 
L — ' TO — I ! 

m>i y ' 

So, 8 is not a nilpotent map. □ 

The next theorem gives a classification of all the open and the closed ideals of the topological 
Lie algebra Uqq, every nonzero closed ideal of Uoo is open and vice versa (see statement 2 below). 

Theorem 7.2 1. The set J7"(Uoo) of all the open ideals of the Lie algebra Uoa is equal to the set 
of all the nonzero closed ideals of the Lie algebraUoo and is equal to the set {Uoo, Uoo,n, I\,n '■= 
I\(n) + Uoo,n+i n > 2, A G [La;™ -1 )} where I\(n) is the ideal I\ of the Lie algebra u„ as 
defined in U5]) . that is I\(n) — ®( a ,n)<\KX a n . In particular, every nonzero closed ideal 
I of the Lie algebra contains an ideal Uoo,n'+i f or some n' > 2, and, for I = I\ n , 
n = minjri' > 2 | u n '+i C /}. 

2. Let I be a nonzero ideal of the Lie algebra Uoo . Then I is an open ideal iff the ideal I is a 
closed ideal. 

3. The topological Lie algebras Uoo and Uqo are Hausdorff. 

4- The zero ideal is a closed but not open ideal of the topological Lie algebra Uoo. 

Proof. 1. We prove statement 1 for open ideals only. For the closed ones, it will follow from 
statement 2. Every open ideal of Uqo is necessarily a nonzero ideal. It is obvious that the ideals 
Uoo, ^oo,n and I\ tn in statement 1 are open ideals. Let I be an open ideal of the Lie algebra Uoo 
such that I ^ Uoo. n for all n > 1. We have to show that / = I\, n for some A and n as in statement 
1. The ideal I contains an open neighbourhood of the zero element, i.e., Uoo,n+i C I for some 
natural element n > 2. We can assume that n = min{n' | n' > 2, Uoo,n'+i Q I}- In view of the Lie 
algebra isomorphism, Uoo/uoo,n+i — u„, Theorem 13.31 (1). and the minimality of n, the claim and 
statement 1 are obvious. 

2. (=>) Let / be an open ideal. By statement 1, which is true for open ideals, the ideal / is 
as in statement 1. All the ideals in statement 1, Uoo, Uoo,n and I\, n , are obviously nonzero closed 
ideals. Hence, / is a nonzero closed ideal. 

(<=) Let / be a nonzero closed ideal in Uoo. It suffices to show that Uoo,n+i ^ I for some n > 1. 
This would automatically imply that / is an open ideal. The ideal Uoo,n+i is the closure of the 
ideal Uoo^+i of the Lie algebra Uoo. Fix a nonzero element of /, say a — ^2 m y n a m d m where 
n > 1, a m € P m -i for all m > n and a n ^ 0. Let d be the total degree of the polynomial a n = 

SaeN"- 1 ^c,x a £ P n -i where X a G K. Fix a — (cti) G N™ -1 such that \a\ := a\ H h a„_x = d. 

Applying ad(9) Q :— \\a=i ad(9i) Qi to the element a yields the element of the ideal / of the type 
a\X a d n + • • • . So, without loss of generality we may assume from the very beginning that a n = 1, 
that is a = d n + a Jl+1 <9 n+ i + • • • . For each a G N", 

a n + 1 

and so P n d n +i C /. For all natural numbers I > n + 1, the ideal of the Lie algebra u; generated by 
its subspace P n d n +i is equal to ©' =n+ i-Pi-i<9;. Therefore, Uoo irl +i = ®i> n +iPi-idi C /. Hence, 
the closure of the ideal Uoo^+i, which is Uoo,n+i, belong to /, as required. 

3. Let a = J2i>i a i@i an< i = J2i>i be distinct elements of Uoo (resp. Uoo) where 
ai, bi G Pi-\ for all i > 1. Then a n ^ b n for some lience (q, -f- Uoo,n+i 

) n (b + Uoo, n +i) = (resp. 
(a + Uoo,n+i) n (6 + Uoo,n+i) = 0)- This means that u,^ and Uoo are Hausdorff. 
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4. It is obvious. □ 

A topological Lie algebra Q is called closed uniserial (resp. open uniserial) if the set of all 
closed (resp. open) ideals is a well-ordered set by inclusion. By Theorem 17. 21 (1). the Lie algebra 
Uoo is a closed and open uniserial Lie algebra. So, the chain 

Uoo = Uoo,l D ■ ■ ■ D I\.2 D ■ ■ ■ D h,2 3 Uoo. 2 D • • • D Uoo in D • ■ • D I^.n D • • • D Jl )7l 3 Uoo,n+l 3 • • • 

(33) 

contains all the open and all the nonzero closed ideals of the Lie algebra Uoo . 

A topological Lie algebra Q is called an open Artinian Lie algebra (resp. a closed Artinian 
Lie algebra) if the set of open (resp. closed) ideals of Q satisfies the descending chain condition. 
A topological Lie algebra Q is called an open Noetherian Lie algebra (resp. a closed Noetherian 
Lie algebra) if the set of open (resp. closed) ideals of Q satisfies the ascending chain condition. 
A topological Lie algebra Q is called an open almost Artinian Lie algebra (resp. a closed almost 
Artinian Lie algebra) if for all nonzero open (resp. closed) ideals I of Q the Lie factor algebra Q /I 
is an Artinian Lie algebra. For a topological Lie algebra Q, let 

Aut c (£) := Aut L ic(£) n Aut top (0) 

be its group of automorphisms. Every element of Aut c (<?) is an isomorphism of the Lie algebra Q 
and an isomorphism of the topological space Q. An ideal / of a topological Lie algebra Q is called 
a topologically characteristic ideal if o~(I) = I for all a € Aut c (Q). 

Corollary 7.3 1. The topological Lie algebra Uoo is an open uniserial, closed uniserial, open 
almost Artinian and closed almost Artinian Lie algebra which is neither open nor closed 
Artinian and is neither open nor closed Noetherian. 

2. The uniserial dimensions of the sets of open and of closed ideals of the topological Lie algebra 
Uoo coincide and are equal to u.dim(uoo) = w". 

3. All the open/closed ideals of the Lie algebra Uqo are topologically characteristic ideals. 

Proof. 1. Statement 1 follows from Theorem [72] (1). 

2. Statement 2 follows from Theorem 1731(1) and Corollary El (1). 

3. The ideals Uoo,n (n > 1) are topologically characteristic ideals as they form the derived series 
of the Lie algebra Uoo (Proposition ! 7. 1 1 (4) ) . By Theorem !7.2l (l). it remains to show that every ideal 
I\,n of Uoo is a topologically characteristic ideal. Let a g Aut c (Uoo)- Since er(uoo,n+i) = 1J k»,n+ij 
the automorphism a induces the automorphism a of the Lie factor algebra Uoo/uoo,n+i — u„. 
Since Uoo,n+i C l\ n and every ideal of the Lie algebra u„ is a characteristic ideal (Corollary 13. 7|) 
we must have o~(I\ tn ) = L\.m i-e., L\. n is a topologically characteristic ideal of Uoo- D 
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